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Graphs, trees, and spanning trees

• A graph is a set of vertices joined by edges.

• A tree is a connected graph with no cycles.

• A spanning tree of a graph G is a tree that uses every vertex of G

and only edges of G .

A graph

A tree A spanning tree

of the graph
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Counting spanning trees

This graph has 60 spanning trees.
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Counting spanning trees

Ignore one vertex, then choose an

edge out of each remaining vertex.

3× 4× 2× 4× 3 = 288 trees?

No, since some contain cycles.

−(2× 4× 3) = −24 trees
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Adding and subtracting graphs

3× 4× 2× 4× 3

−

2× 4× 3

−

3× 4× 2

+

2

− · · ·

spanning trees τ(G ) =
∑

π∈Sn−1

(−1)#cycles
∏

v not in
a cycle

deg(v)
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The Laplacian matrix

a

b

c

d

e

f

LG =

a b c d e f
a

b

c

d

e

f



3 −1 0 −1 0 −1

−1 4 −1 −1 −1 0

0 −1 2 −1 0 0

−1 −1 −1 4 −1 0

0 −1 0 −1 3 −1

−1 0 0 0 −1 2



Kirchhoff’s matrix-tree theorem

Delete any row and its corresponding column from LG .

The determinant of the resulting matrix is the number τ(G ) of

spanning trees of G .
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The matrix-tree theorem

Corollary

Let G be a connected graph on n vertices, and let 0, λ1, . . . , λn−1 be the

eigenvalues of its Laplacian LG . Then τ(G) = 1
n
λ1λ2 . . . λn−1.

Proof sketch.

• Because the rows of LG sum to zero, 1 = (1, . . . , 1)⊤ is an eigenvector

with eigenvalue 0.

• G connected ⇐⇒ the zero eigenvalue has multiplicity 1.

• det(tI − LG ) = t(t − λ1) . . . (t − λn−1).

• [t] det(tI − LG ) = (−1)n−1λ1λ2 . . . λn−1.

• [t] det(tI − LG ) = (−1)n−1∑n
r=1 det((LG )r̂ ) = (−1)n−1nτ(G).
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Corollary

Let G be a connected graph on n vertices, and let 0, λ1, . . . , λn−1 be the

eigenvalues of its Laplacian LG . Then τ(G) = 1
n
λ1λ2 . . . λn−1.

1

2

34

5

LK5 =

1 2 3 4 5
1

2

3

4

5


4 −1 −1 −1 −1

−1 4 −1 −1 −1

−1 −1 4 −1 −1

−1 −1 −1 4 −1

−1 −1 −1 −1 4



Eigenvalues of LK5 : 0, 5, 5, 5, 5, so τ(Kn) =
1
n
nn−1 = nn−2.
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The matrix-tree theorem

x1

...

xm

y1

...

yn

LKm,n =

(
nIm −Jm×n

−Jn×m mIn

)

M =

(
nIm −Jm×(n−1)

−J(n−1)×m mIn−1

)

How to calculate det(M)?
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Schur complements

(
A B

C D

)(
x

y

)
=

(
f

g

)

Ax + By = f , Cx + Dy = g

x = A−1(f − By)

(D − CA−1B)y = g − CA−1f

D − CA−1B is the Schur complement of the block A.
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Schur complements

S = D − CA−1B is the Schur complement of the block A.

(
A B

C D

)
=

(
I 0

CA−1 I

)(
A B

0 S

)

detM = detA · detS
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The matrix-tree theorem

M =

(
nIm −Jm×(n−1)

−J(n−1)×m mIn−1

)

detM = det(mIn−1) · det
(
nIm − 1

m
Jm×(n−1)J(n−1)×m

)
= mn−1 det

(
nIm − n − 1

m
Jm

)

Since eigenvalues of Jm are m(1), 0(m−1),

eigenvalues of nIm − n − 1

m
Jm are 1(1), n(m−1).

Thus τ(Km,n) = mn−1nm−1 =
1

mn

∏
v∈V (G)

deg(v).
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Demo

https://web.archive.org/web/20260406060620/https:

//bipartite-spanning-trees-302294203391.us-west1.run.

app/
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Ferrers graphs

A bipartite graph is a Ferrers graph if the neighborhoods of

vertices in one part are linearly ordered by inclusion.

Theorem (Ehrenborg and van Willigenburg, 2004)

If G = (X ⊔ Y ,E ) is a Ferrers graph, then

τ(G ) =
1

|X ||Y |
∏

v∈V (G)

deg(v).
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Ferrers bound conjecture

Conjecture (Ehrenborg, 2006)

For every connected bipartite graph G = (X ⊔ Y ,E ),

τ(G ) ≤ 1

|X ||Y |
∏

v∈V (G)

deg(v).

Moreover, equality holds if and only if G is Ferrers.
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Ferrers bound conjecture

Theorem (H., 2026)

For every connected bipartite graph G = (X ⊔ Y ,E ),

τ(G ) ≤ 1

|X ||Y |
∏

v∈V (G)

deg(v).

Moreover, equality holds if and only if G is Ferrers.

15



Rubber band representation

ui =

(
xi
yi

)

E(u) =
∑
ij∈E

|ui − uj |2 =
∑
ij∈E

(
(xi − xj)

2 + (yi − yj)
2
)

minimize E(u)
subject to ui = ūi for all i ∈ S
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Energy minimization

When energy is minimized, we have ∂iE(u) = 0 :∑
j∈N(i)

(ui − uj) = 0 (i ∈ V \ S)

Thus ui =
1

deg(i)

∑
j∈N(i)

uj .

17



Energy minimization

When energy is minimized, we have ∂iE(u) = 0 :∑
j∈N(i)

(ui − uj) = 0 (i ∈ V \ S)

Thus ui =
1

deg(i)

∑
j∈N(i)

uj .

17



Energy minimization

u : V → R

E(u) :=
∑
ab∈E

(
u(a)− u(b)

)2

Proposition

E(u) is precisely the Laplacian quadratic form u⊤LGu.

Proof. In general, x⊤Mx =
∑

i ,j Mijxixj ; use the definition of LG .
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Energy minimization: The bipartite case

Notation

G = (X ⊔ Y ,E)

X = {x1, . . . , xm}, Y = {y1, . . . , yn}

ai = deg(xi ), bj = deg(yj)

u : X → R, v : Y → R

Laplacian

LG =

(
A −B

−B⊤ C

)
A = diag(a1, . . . , am)

C = diag(b1, . . . , bn)

B is the biadjacency matrix:

Bij = [xi is adjacent to yj ]

Bipartite energy

E(u, v) =

(
u

v

)⊤

LG

(
u

v

)
=
∑

xi yj∈E

(ui − vj)
2

19
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Energy minimization: The bipartite case

Bipartite energy

E(u, v) =

(
u

v

)⊤

LG

(
u

v

)
=
∑

xiyj∈E
(ui − vj)

2

Fix u and find v minimizing E(u, v)
Since E(u, v) = u⊤Au − 2u⊤Bv + v⊤Cv , we may complete the

square in v as follows: As

(v − Ku)⊤C (v − Ku) = v⊤Cv − 2u⊤K⊤Cv + u⊤K⊤CKu,

to match the cross term −2u⊤Bv , we choose K = C−1B⊤ to get

E(u, v) = u⊤(A− BC−1B⊤)u + (v − Ku)⊤C (v − Ku).

Thus choosing v = Ku minimizes E(u, v).
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Energy minimization: The bipartite case

Bipartite energy

E(u, v) =

(
u

v

)⊤

LG

(
u

v

)
=
∑

xiyj∈E
(ui − vj)

2

Fix u and find v minimizing E(u, v)

min
v∈Rn

E(u, v) = u⊤LXu =
∑

xiyj∈E
(ui − ūTj

)2,

where LX = A− BC−1B⊤ is the Schur complement of block X .

The vi minimizing E(u, v) are the averages of neighborhood

values: vi = ūTi
, where Ti = N(yi ) and ūT := 1

|T |
∑

xi∈T ui .
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Sum of projections

Use bipartite structure to sum over neighborhoods of Y -vertices:

u⊤LXu =
∑

xiyj∈E
(ui − ūTj

)2

=
n∑

j=1

∑
xi∈Tj

(ui − ūTj
)2

=
n∑

j=1

u⊤PTj
u.

Given T ⊆ X , PT is an orthogonal projection onto the subspace

HT := {u ∈ Rm : supp(u) ⊆ T and
∑

xi∈T ui = 0}.
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Sum of projections

· · · · · ·

2 3 7 2 5

4

(PTu)i =

ui − ūT if xi ∈ T

0 otherwise

· · · · · ·

0 −1 3 −2 0

4

HT := {u ∈ Rm : supp(u) ⊆ T and
∑

xi∈T ui = 0}
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Sum of projections

Proposition

LX is symmetric positive semidefinite with kernel ⟨1⟩ and eigenvalues

0 = µ1 < µ2 ≤ · · · ≤ µm.

Proof sketch.

• Each PT is an orthogonal projection, hence symmetric positive

semidefinite, and PT1 = 0.

• Since LX =
∑n

j=1 PTj , it follows that LX is symmetric positive

semidefinite and LX1 = 0.

• If u ∈ ker LX , then 0 = u⊤LXu =
∑n

j=1 u
⊤PTj u =

∑n
j=1 ∥PTj u∥

2, so

PTj u = 0 for every j .

• Hence u is constant on each neighborhood Tj . Connectedness then forces

u to be constant on all of X .
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Getting rid of the zero eigenvalue

Let J = 11⊤ be the m×m all-ones matrix. For every nonempty T ⊆ X , define

QT := PT +
1

m
J.

Since HT ⊥ ⟨1⟩, 1
m
J is the orthogonal projection onto ⟨1⟩, and PT is the

orthogonal projection onto HT , we get

QT is the orthogonal projection onto HT ⊕ ⟨1⟩.

Hence rank(QT ) = dim(HT ) + 1 = (|T | − 1) + 1 = |T |.

Therefore

M := LX +
n

m
J =

n∑
j=1

(
PTj +

1

m
J

)
=

n∑
j=1

QTj .

Since LX1 = 0, J1 = m1, and Ju = 0 for u ⊥ 1, M is positive definite with

eigenvalues n, µ2, . . . , µm.
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Back to the matrix-tree theorem

Proposition

Let M := LX + n
m
J. Then τ(G) = 1

mn
(
∏n

j=1 bj) detM.

Proof sketch.

• By Schur complement,

τ(G) = det

(
A1̂ −B1̂

−B⊤
1̂

C

)
= det(C) det

(
A1̂ − B1̂C

−1B⊤
1̂

)
= det(C) det((LX )1̂).

• Write LX = Q diag(0, µ2, . . . , µm)Q⊤, where the columns of Q form an orthonormal

eigenbasis and the first column is u = m−1/21.

• Therefore the adjugate (i.e., transpose of cofactor matrix) satisfies

adj(LX ) = Q diag

(
m∏
i=2

µi , 0, . . . , 0

)
Q⊤

=

(
m∏
i=2

µi

)
uu⊤ =

1

m

(
m∏
i=2

µi

)
J,

so det((LX )1̂) =
1
m

∏m
i=2 µi .

Since det(C) =
∏n

j=1 bj and detM = n
∏m

i=2 µi , the proposition follows.
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The endgame

Proposition

Let M := LX + n
mJ. Then det(M) ≤

∏m
i=1 ai , and equality holds

iff G is a Ferrers graph.

Strategy. Writing λ1 ≥ · · · ≥ λm for the eigenvalues of M and

relabeling the vertices of X so that a1 ≥ · · · ≥ am, we will show

that (λ1, . . . , λm) majorizes (a1, . . . , am):

• λ1 + · · ·+ λk ≥ a1 + · · ·+ ak for 1 ≤ k < m;

• λ1 + · · ·+ λm = a1 + · · ·+ am.

Then concavity of log t implies
∑m

i=1 log λi ≤
∑m

i=1 log ai , so

det(M) =
∏m

i=1 λi ≤
∏m

i=1 ai .
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The endgame

Karamata’s inequality

If (λ1, . . . , λm) majorizes (a1, . . . , am), and if ϕ : (0,∞) → R is

strictly concave, then
∑m

i=1 ϕ(λi ) ≤
∑m

i=1 ϕ(ai ). Equality holds

iff λi = ai for all i , assuming (λ) and (a) are weakly decreasing.

• (5, 1) ⪰ (3, 3) since 5 > 3 and 5 + 1 = 3 + 3. Let ϕ(t) =
√
t.

Then
√
5 +

√
1 ≈ 3.236, and

√
3 +

√
3 ≈ 3.464.

• (6, 2, 1) ⪰ (5, 3, 1) ⪰ (4, 3, 2) ⪰ (3, 3, 3):

•
√
6 +

√
2 +

√
1 ≈ 4.863

•
√
5 +

√
3 +

√
1 ≈ 4.968

•
√
4 +

√
3 +

√
2 ≈ 5.146

•
√
3 +

√
3 +

√
3 ≈ 5.196

• Last case is Jensen’s inequality:
∑m

i=1 ϕ(λi ) ≤ mϕ(S/m).

• Majorized vector is more balanced; concavity rewards balance.
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The endgame

Ky Fan’s maximum principle

Let M be a real symmetric m ×m matrix with eigenvalues

λ1 ≥ · · · ≥ λm. Then for each 1 ≤ k ≤ m,
k∑

i=1

λi = max
{
tr(PM) : P is an orthogonal projection of rank k

}
.

• If P projects onto span{v1, . . . , vk} with (vj) an orthonormal

basis, then tr(PM) =
∑k

j=1⟨Mvj , vj⟩.
• Mui = λiui for orthonormal eigenbasis (ui ), and

di = ⟨Pui , ui ⟩ = ∥Pui∥2 ∈ [0, 1] satisfies
∑m

i=1 di = tr(P) = k .

• Moreover, tr(PM) =
∑m

i=1 λidi , so maximizing this gives

d1 = · · · = dk = 1 and dk+1 = · · · = dm = 0.
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The endgame

Lemma

Recall that QT = PT + 1
mJ. For nonempty subsets I ,T ⊆ X ,

tr(QIQT ) = |I ∩ T |+ |I \ T ||T \ I |
|I ||T |

≥ |I ∩ T |.

Equality holds if and only if I ⊆ T or T ⊆ I .

Proof. Compute, using the fact that PT = diag(1T )− 1
|T |1T1

⊤
T .

Remark

The overlap defect ε(I ,T ) := |I\T ||T\I |
|I ||T | is the mechanism behind

the equality case, since Ferrers graphs are precisely the connected

bipartite graphs such that neighborhoods of vertices on one side

are ordered by inclusion.
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Majorization

Let [k] := {x1, . . . , xk}. Then, for 1 ≤ k < m,

k∑
i=1

λi ≥ tr(Q[k]M)

=
n∑

j=1

tr(Q[k]QTj
)

=
n∑

j=1

∣∣[k] ∩ Tj

∣∣+ n∑
j=1

ε([k],Tj)

=
k∑

i=1

ai +
n∑

j=1

ε([k],Tj)

≥
k∑

i=1

ai .
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Majorization

When k = m, we have

m∑
i=1

λi = tr(M) =
n∑

j=1

tr(QTj
) =

n∑
j=1

|Tj | =
m∑
i=1

ai .

Thus (λ1, . . . , λm) majorizes (a1, . . . , am), so

τ(G ) ≤ 1

mn

∏
v∈V (G)

deg(v).
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The equality case

Suppose equality holds. Earlier we saw for 1 ≤ k < m that

k∑
i=1

λi ≥
k∑

i=1

ai +
n∑

j=1

ε([k],Tj) ≥
k∑

i=1

ai .

Thus when equality holds, ε([k],Tj) = 0 for all j and 1 ≤ k < m.

Each Tj is comparable by inclusion with every initial segment [k].

Fix j and let t := max{i : xi ∈ Tj}, so that Tj ⊆ [t].

• If t = 1, then Tj ̸= ∅ implies Tj = [1].

• If t ≥ 2, then xt ∈ Tj means Tj ̸⊆ [t − 1], so [t − 1] ⊆ Tj .

Together with xt ∈ Tj , this gives Tj = [t].

Since every Tj is an initial segment, the neighborhoods are ordered

under inclusion, so G is Ferrers.
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The equality case

Suppose G is Ferrers.

Then we may reorder X and Y so that

Tj = [tj ] with t1 ≥ · · · ≥ tn ≥ 1.

The subspaces

im(Q[1]) ⊊ im(Q[2]) ⊊ · · · ⊊ im(Q[m]) = Rm

form a complete flag as rank(Q[t]) = t. Choose an orthonormal basis

u1, . . . , um adapted to this flag, so that u1, . . . , ut span im(Q[t]) for

each t. In this basis each Q[t] is diagonal with exactly the first t diagonal

entries equal to 1. Hence

M =
n∑

j=1

QTj =
n∑

j=1

Q[tj ]

is diagonal, with diagonal entries

#{j : tj ≥ 1},#{j : tj ≥ 2}, . . . ,#{j : tj ≥ m}.

But #{j : tj ≥ r} = deg(xr ) = ar , since xr is adjacent precisely to

those yj with tj ≥ r . Thus M = diag(a1, . . . , am) and detM =
∏m

i=1 ai .
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Thank you!

arXiv:2603.17997

boonsuan.github.io/ferrers-slides.pdf

34

https://arxiv.org/abs/2603.17997
https://boonsuan.github.io/ferrers-slides.pdf

