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In this document, I produce some solutions to exercises as I work
through Terence Tao’s UCLA sequence on graduate real analysis. The
lecture notes for the second and third parts of his three part sequence
245ABC are collected in his book An Epsilon of Room, I: Real Analysis.

I have attempted most exercises, but for some where I got stuck for
too long, I looked up solutions online. I have indicated my references
in square brackets at the beginning of such solutions.
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1.1. A quick review of measure and integration theory

The ultimate measure of a man is not where
he stands in moments of comfort and convenience,
but where he stands at times of challenge and controversy.

— MARTIN LuTHER KING, JR., Strength to Love (1963)

Exercise 1.1.1. We use a kind of ‘structural induction’ to prove the
claim (see 245A, Remark 1.4.15). We recall the principle here for
convenience.

Remark. If F is a family of sets in X, and P(E) is a property of sets
E C X which obeys the following axioms:

(i) P(o) is true.
(i) P(E) is true forall E € F.
(iii) If P(E) is true for some E C X, then P(X \ E) is true also.

(iv) If E1, Ep,... C X are such that P(E,) is true for all n, then
P(U5_1 En) is true also.

Then one can conclude that P(E) is true for all E € (F). Indeed, the
set of all E for which P(E) holds is a o-algebra containing F.

We now prove that a continuous function f between topological

spaces X and Y is Borel measurable, by using the remark above with
F being the family of open sets in Y, and P(E) the property that
f~Y(E) is Borel measurable in X. Claim (i) holds as f~(2) = @.
Claim (ii) holds by continuity. Claim (iii) follows from the identity
FYY\E) = X\ f~Y(E). Finally, claim (iv) follows from the fact that
fHUR En) = Uy £ (En)-
Remark. The Borel o-algebra B[S] of a subspace S C X is equal to the
Borel o-algebra of X restricted to S. That is, B[S] = B[X]|s. Indeed,
they are both generated by sets of the form UN S, where U C X is
open. (Be careful not to confuse the notations B[X] and B[F]. The
first refers to the o-algebra generated by the open sets of a topological
space X, and the second is the smallest c-algebra containing a family
of sets F C P(X).)

Exercise 1.1.2. We wish to prove that B[M] is maximal such that

BIM]lu,= 7, '(BR"]|y,)

114

for all w. By exercise 1.1.1, we see that a homeomorphism between
topological spaces induce a bijection between their c-algebras. Thus
it suffices to prove maximality. Suppose X is a c-algebra on M
satisfying the above identities, so that

Xy, = 1, (BR"]ly,) = B[M]|y, -

114 o

Then, it suffices to show that any element of X is a countable union
of sets, each belonging to some X'|;1,. By the second countability of

I wonder if it would be sleeker to do
this via transfinite induction. I haven’t
learned the details of this method yet
though, so I won't try it for now.
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M, we may choose Uy, such that their union covers X € X. Thus
X = U; XN Uy, so that X NU,, € B[M] Luai, and we are done.

Exercise 1.1.3. Let X’ be a s-algebra on a finite set X. We define a map
X — X sending x € X to the intersection of all sets in X’ containing
x. We prove that the image of this map is a partition of X, and that
X arises from this partition. Clearly the image covers X. Suppose x
and y get sent to sets Sy and S, with non-empty intersection. Then
x € SxN(X\Sy) C Sy, contradicting the minimality of Sy. Thus the
sets form a partition. Given a set X € X, we see that X = [J,cx Sx,
where the sets in the union are either identical or disjoint. Discarding
repeated sets, we obtain the claim.

Exercise 1.1.4. Let (X, )qeca be an at most countable family of second
countable topological spaces. We prove that

B[H Xa} = [1 BIXal-
x€A aEA
Let [Tyea Ba € Tlpea B[X4]. Since the projections 7tg: [Tyea Xu —
Xp are Borel measurable (by definition of the product c-algebra), the
sets 71, !(By) belong to B[[Tyc 4 Xa], and so

[1B= () 7' (Ba) € B[H Xa}

aEA aEA nEA

as needed.

For the forward inclusion C, we see that since the c-algebra
B[[Taca X«] is generated by open sets in [],c 4 Xa, it suffices to prove
that these open sets belong to [],c 4 B[X4]. Expanding the definition
of [Taeca B[Xa], we have

[18X:] =V m ' (B1X) = B U 7 (BXa)|.

weA aEA xeA
For each X,, we let B, be a countable base. Then

B— H U, : Uy = X, for all but finitely many zx,}

A and if U, # X,, then U, € B,.

is a countable base for [ [, 4 X It remains to show that [T,c4 Uy € B
belongs to B[Uyea 7ty L (B[X4])]- Writing Uy, . . ., Uy, for the finitely
many nontrivial sets in the product [],c 4 Ux, we see that such a set
is a finite intersection

[Tl= N ' (U) € B[U m ' (BXa)],

xEA 1<i<n acEA

and thus the result follows.

Exercise 1.1.5. We proceed via structural induction (see the remark
on page 1). Given x € X, we write E, := {y € Y : (x,y) € E}, and
we call it a slice of E (we define EY similarly). Claim (i) is trivial as
all slices of the empty set are empty. For claim (ii), we see that the
family X x Y of measurable sets has measurable slices — indeed,
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given A x B€ X x Y and x € A, any slice (A x B)y C Y is either @
or B, and is measurable in both cases. Claim (iii) follows from how

(XxY)\E)x={yeY:(xy) E} =Y \E.
Finally, claim (iv) follows from the fact that

(@lEn> {yey UEn}:U o).

n=1

Thus the result holds for x € X; the proof is analogous for y € Y.

Exercise 1.1.6. (i) Countable additivity implies finite additivity by
setting E, := @ for n > N. Therefore, if E C F, then u(F) =
#(E) + u(F \ E), and the result follows from nonnegativity of measure.

(ii) Define E;, == E, \ U{_; LE; for n > 1. The sets E/, are disjoint
with E, = U{_; E}, and Consequently Us~1 Ex = U4 E;,. Thus, by
countable additivity and (i), we have

G0 =

(iii) Since E;, C Ug~q Ex for n > 1, monotonicity implies that
#(En) < u(Uplq Ex) for n > 1, so that lim, e #(En) < p(Up=q En)-
Conversely, writing E}, := E, \ U{_; Ex, we may compute

lim u(E,) = lim y(U Ek)

n—o00 n—00

= lim ; u(Ep)

n%ook
;ﬂ(E;)
e
(G

(iv) Apply (iii) to the sequence @ C E; \ E; C E;\E3 C ... to
obtain the identity

(fe) -0 me)
n=1 n=1
= nli_I}oloV(El \ En)
= lim (u(E1) — #(En)).

n

Note that the claim fails if u(E;) = 400, consider for example
(1,400) C (2,4) C (3,4) C ..., where each set has infinite
measure, but the intersection is empty and thus has zero measure.

Exercise 1.1.7. Given a measure space (X, X, ],t), we define a new o-
algebra X to be the intersection of all o-algebras containing X" as well

4



245B SOLUTIONS (HO BOON SUAN) 5

as all subsets of null sets. By definition, this new measurable space
(X, X, ) is the unique minimal complete refinement of (X, X, ). If
a set A is equal a.e. to a set B € X, then their symmetric difference
ANAB is a sub-null set, and so A = (AAB)AB € X. Conversely, we
may use structural induction. For (i), the empty set belongs to all
o-algebras. For (ii), this is true for all sub-null sets and all elements
of X. For (iii), if E = F a.e., then X\ E = X\ F a.e.. For (iv), if
E, = F, a.e,, then |, E;, = U;_; Fx a.e., since the countable union
of sub-null sets is sub-null. Thus the result follows.

Exercise 1.1.8. [Halmos, Measure Theory, page 5657, Theorem D]
Suppose E C X with u(E) < oco. By definition of y, there exist
sets (Ay)5 4 in A such that E C U;_; Ap and p(U;_q An) < u(E) +
€/2. By monotone convergence, we have limy_ o, #(UN_; Ay) =
(U5 An). Thus we may choose large N for which (U5 An) <
u(UN_| Ay) +€/2. Since

(QIDEIVRIVED
=n(U 4) ~#(U 41)
<e/2

and

((Uane) <u(J 4 e)

= ﬂ([j An) — u(E)
n=1
<e€/2,

we conclude that N
y(EA U An) <e

n=1

as desired. [To do: complete the proof for the general o-finite case.]

Exercise 1.1.9. Define a premeasure on finite unions of boxes [T ; U;
with U; € &; by u(IT, U;) =TT #i(U;) and extending to unions
by decomposing them into disjoint boxes. We may then apply the
Carathéodory extension theorem. (See 245A Proposition 1.7.11.)

Exercise 1.1.10. [I'm skipping this exercise.]
Exercise 1.1.11. The sequence of functions

flixeeifs1) 2 1 xeE f(x)>2) = - -
converges pointwise a.e. to the zero function, since f is absolutely

integrable. Thus we have

lim /X f ek fx) sy dp = [ UM | flLcp fx))sny dp =0

n—co X n—00
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by dominated convergence, and so we may choose large A for which
fxEE:\f(X)|>A |fldu < e/2. It follows that

an= | an+ [ d
/E|f‘ K xeE:|f(x)|<A |f| ¥ x€E:|f(x)[>A ’f| ¥

< Au(E)+e€e/2
<e

whenever pu(E) < €/2A.

Make use of time, let not advantage slip;
Beauty within itself should not be wasted:

Fair flowers that are not gather’d in their prime
Rot and consume themselves in little time.

— WILLIAM SHAKESPEARE, Venus and Adonis (1593)
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1.2. Signed measures and the
Radon—Nikodym—Lebesgue theorem

Observe due measure, for right timing is
in all things the most important factor.

— Hes1op, Works and Days (c. 700 B.C.)

Exercise 1.2.1. We first prove that my is an unsigned measure. We
have

mf(Q):/Xl@fdm:/XOdm:O.

Given disjoint Eq, Ep, ..., we have
mf(G Ex) = [ 1uy 5, fdm
n=1
= /X 21,5” fdm
- i /X 1g, fdm

= iTI’Zf(En),

where we used monotone convergence for series (Theorem 1.1.21) to
swap the sum and integral.

Suppose g: X — [0, +o0] is a simple unsigned function taking
values in {ay,...,a,}. We write g =Y/ ; ailgq({u’_}), and compute

[ gdmg =Y aimp(g7 ({ai})
i=1
Bk J T it fdm
n
= /X;”ilgu{ai})f dm

:/ngdm.

Since every unsigned measurable function is the pointwise limit of
an increasing sequence of unsigned simple functions®, the result for
general g follows from monotone convergence (Theorem 1.1.21).

Exercise 1.2.2. If f = ¢ m-a.e., then m¢(E) = [, f = [ g = mg(E), as
the Lebesgue integrals are equal for a.e. equal functions.

Conversely, we prove that my = mg implies that f = g m-a.e.. We
first consider the case where m(X) < oo. Suppose contrapositively
that f # ¢ m-a.e.. Then, without loss of generality, there exists a set
E of positive finite measure such that f > ¢ on E. We consider two
cases.

Case 1: [; f, [p § < oo. In this case, f and ¢ must be finite m-a.e.,
and thus we may safely consider the function f — ¢ on E, which is
unsigned measurable as f > ¢ on E by hypothesis. Therefore, we

" This result is occasionally called the
Sombrero lemma due to the construction
of the sequence of functions involved.
See René L. Schilling, Measures, Integrals
and Martingales 2e., Theorem 8.8.



245B SOLUTIONS (HO BOON SUAN) 8

have [, f—¢ < [ f <coand

/Ef:/Ef—g+/Eg-

Since f —¢ > 0 on E, we have [, f —¢ > 0, and so ms(E) > mg(E)
as desired.

Case 2: [ f = oco. If [pg < oo, there is nothing to prove, so
assume that [, f = co = [, g. Since f > g, we see that ¢ must be
finite everywhere. Apply monotone convergence to the sequence
8lireEg(v)<1) < 8l{xeEg(x)<2) < --- to obtain the identity

=1i .
/Eg N1—>nlo xGE:g(x)gNg

It follows that there exists N such that m({x € E : g(x) < N}) > 0.
Let E' := {x € E : g(x) < N}. Since [, ¢ < Nm(E') < oo, we are
left to consider | o foIf /; [ = 0, we are done. Otherwise, we have
Je f < 00, and we are left with case 1.

This concludes the proof for the finite measure case.

Now suppose that m is o-finite. Write X = ;" 1 X,;, with X,
disjoint and m(X,) < oo. Then, once again, if f > ¢ on E with
m(E) > 0 (possibly infinite this time), then we may consider the
finite measure sets E N X,,. At least one of these sets E N X,, is non-
empty, with m(E N X,) < co. Thus we may apply the finite measure
argument above to obtain a set E' C EN X, on which [, f > [, g as
needed.

Finally, we give a counterexample when pu fails to be c-finite.
Consider the measurable space (N,2N) equipped with the measure
#(E) = +oo - [E is non-empty]. That is, u gives all non-empty sets
infinite measure. Then, setting f = 1y and g = 2 1N, we see that
Jxlofdu=0= [, 1ggdu, and that

/Xl,;fdy:—i-oo:/thdy

for all non-empty E € 2N (this idea works with a singleton set, but I
found N more comforting).

Exercise 1.2.3. To say that y has a continuous Radon-Nikodym
derivative du/dm is to say that there exists a continuous function
f =du/dm such that p = m;. We thus compute

u([0,x]) = mg([0,x]) = [le]fdm.

By the fundamental theorem of calculus, we conclude that

2 u(i0,4) = £(x) = ()
for all x € [0, 4+00).

Exercise 1.2.4. Let u: X — [0, +0co| be a measure on X. We would
like to write y = #; for some function f: X — [0, +-c0]. Expanding
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the definitions, we are looking for some f such that

W(E) = #5(E) = [ fat= ¥ fx).
JE x€E
Thus we conclude that the function f, defined by f(x) := u({x}), is
indeed the Radon-Nikodym derivative dy /d# of y with respect to #.

Remark. If a measure p on X is differentiable with respect to the Dirac
measure J, with Radon-Nikodym derivative du/dé, = f, then we
must have y(E) = (6x)f(E) = [ fddx = f(x)dx(E). Since the Radon-—
Nikodym derivative is defined up to dy-a.e. equivalence (which means
that f = g dy-a.e. iff f(x) = g(x)), we see that the only measures
differentiable with respect to Jy are its scalar multiples.

Exercise 1.2.,5. Let p = p|x, —plx = py — p— be as obtained
from the Hahn decomposition theorem, and suppose y = v — v_
is another decomposition such that v4 and v_ are mutually singular
unsigned measures. Since v+ and v_ are mutually singular, we may
write X as a disjoint union X = Y} UY_ such that v is supported on
Y, and v_ is supported on Y_. Then we may write X as the disjoint
union of four sets, namely

X= (X4 NY)U(XeNY_)U(XoNYL)U(XoNY).

On X, NY,, wehave y_ =v_ =0, and so

Hi =Pty =P =V =V =V
consequently u_ =v_. On X, NY_, we have u_ = v, =0, and so
Pt =Vp — Vo g =~V
Since p4 and v_ are unsigned, it follows that y; = v_ = 0, and so

#+ = v4 as needed. The remaining cases are handled similarly.

Exercise 1.2.6. We first verify that |y is an unsigned measure. Since
4+ and p_ are unsigned, we see that || = py + p— is unsigned as
well. Given disjoint Eq, Ep, ... C X, we may compute

Iﬂl([_len) = y+(©1En) +;4—(©1En)

= fjlm(lsn) + ). n(En)

n=1
=) [ul(En),
n=1

where the last equality is justified by the absolute convergence of both
series.
Let v be an unsigned measure such that —v < u < v, or

—Vy + V- Spp —p- Svyp—vo.

Our goal is to prove that |u| < v, or uy +pu_ < vy —v_. Applying
Hahn decomposition to i, we get X = X, U X_. Similarly, applying
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Hahn decomposition to v gives X = Y, UY_. We may thus write X
as a disjoint union

X=(XsNYHUXNY)U(X-NY)Uu(Xonyo).
On X; NY,, we have y_ = v_ = 0. Thus

Pt =Pt — P SV — Vo

as needed. The remaining three cases are handled similarly.
Now we prove that

o)

[uI(E) = sup } | [#(En)|,
n=1
where the supremum is taken over all partitions (E, )%’ ; of E. Since
—sup ) |i(En)| < p(E) <sup ) [#(En)l,
n=1

n=1

earlier arguments imply that |u|(E) < sup )., |#(En)|. Conversely,
since —|p| < pu < |u| means that |p(E)| < |u|(E), we have

5 () < 3 150 = (U 1) = 1 (E)
n= n= n=1

for any partition (E; ), of E, and so we conclude that

1I(E) = sup ¥ |u(En)|

n=1

as needed.

Exercise 1.2.7. We prove that the following are equivalent:
(i) u(E) is finite for every E C X.
(ii) |p| is a finite unsigned measure.

(iii) p4+ and p_ are finite unsigned measures.

Claim (i) implies (ii). Indeed, if u(E) is finite, then py(E) — u—(E) is
finite. Since the quantities cannot both be infinite, they must both be
finite, and so |y|(E) = p+(E) + p—(E) is finite as well.

Claim (ii) implies (iii), since

p+(E) < [u[(E) < oo;

similarly for p_.
Finally, (iii) implies (i) as

Remark (Proof of Theorem 1.2.4). [Folland 2e, Lemma 3.7] In the last
paragraph of the proof of Theorem 1.2.4, it is shown that ps L m.
Here are some details:

10
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We prove that either ys L m, or there exist e > 0 and E € X such
that m(E) > 0 and ps > em on E (that is, E is a totally positive set for
ps — €m).

Indeed, let X = X"t U X" be a Hahn decomposition for ys —n="m,
and let Xy = Up_; X" and X_ = N1 X" = X\ XT. Then X_
is a totally negative set for ps — n~lm for all n; ie, 0 < ps(X_) <
n~lm(X_) for all n, so us(X-) = 0. If m(Xy) = 0, then ps L m.

Otherwise, if m(Xy) > 0, then m(X'}) > 0 for some n, and so
1

1

X't =: E is a totally positive set for ps —n~"m.

Exercise 1.2.8. [Folland 2e, Theorem 3.8, Math.SE answer 3713882]
(I'm still a bit sketchy on this solution.) Suppose p, m are o-finite.
Then we may write X = 5 X, with u(X,) < oo, m(X,) < oo,
and X,, disjoint. Defining 1, (E) := u(E N X,) and m,(E) := m(EN
Xy), we may apply the result for the finite measure case to obtain
decompositions

n = (mn) g, + (pn)s

with (pn)s L my. Let f ==Y, fu and ps :== Y, (4n)s. We may assume
that f, = 0 on X \ Xj,;, so that

Y (ma)g, (E) = X [t

n

Thus, we have

p=3 tn =) (mn)g, + Y (pn)s = ms + ps.
n n n

Finally, we prove that ys L m. Since (yn)s L my,, we may write

X = A, UB, with Ay, B, disjoint such that (y,)s is null outside

Ay and my is null outside B,. Then, setting A, = A,NX, and

B, == B, N X,, we may define A := |J, A, and B := |J, By, so that

X = AUB with A, B disjoint. Since s = Y_,,(in)s is null outside A

and m = )_,, my, is null outside B, we conclude that y; L m as needed.

Exercise 3.9 from Folland 2e. Suppose (vy) is a sequence of unsigned
measures. If v, L y forall n, then Y, v, L y; and if v, < y for all n, then
Yoavn <

Say vy, is supported on X, so that y is supported on X \ X,,. Then
Y., Vn is supported on {J,, Xy, and p is supported on N, (X \ X) =

X\ Uy Xy, so that Y, v, L u. Suppose v, (E) = 0 whenever u(E) = 0.

Then Y, v, (E) = 0 whenever u(E) =0, and so Y, v, < .

11
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Exercise 1.2.9. Let m be an unsigned o-finite measure. As before, by
Hahn decomposition, we may assume that p is an unsigned o-finite
measure. Suppose every point is measurable, and that m({x}) =
0 for all x € X. (We say that m is continuous.) By the Lebesgue
decomposition theorem, we may write y = pac + s uniquely, with
Hac < m and ps L m. We will further decompose

Us = Hsc + Hpp,

where jipp is supported on an at most countable set, and where ps is
continuous with pg. L m. The natural idea is to define the set

E:={x e X:us({x}) > 0}.
Let pgc == “LLSLX\E and pipp = pslg. Then we must show:
(1) E is at most countable.
(2) psc({x}) =0forall x € X.

(3) Hsc L m.

We first prove (1). Suppose for contradiction that E is uncountable.
Since ps < p and p is o-finite, it follows that s is o-finite as well.
Thus we may write X = ;_; X, such that ps(X,) < oo, with X,
disjoint. Then, E = ;1 (EN Xy), with us(EN X,) < o0 and EN X,
disjoint. Since the countable union of countable sets is countable,
there exists n such that E N X, is uncountable. Define

1 1
En,k = {.X S EﬂXn . E < }ls({X}) < m}

fork > 2, with E,; == {x € ENX; : us({x}) > 1}. Then ENX,, =
Ureq Enx with E, ; disjoint, and so E, x is uncountable for some k.
Taking a countable subset S C E, x, we see that

® 1
H(ENXy) > pu(Enp) > Y, © = oo
j=1

contradicting the finiteness of u(E N Xy).

Claim (2) holds as s is supported on X \ E, and all positive
measure singletons are in E by definition.

Claim (3) follows from the fact that s L m. Indeed, psc < ps,
which implies that the support of ysc is a subset of the support of ps.
This completes the proof.

Remark (Absolute continuity). [C. Heil, Introduction to Real Analysis,
Problem 6.1.9] Using the definition in the text, we can prove that a
function f: I — R is absolutely continuous if and only if, for every
€ > 0, there exists § > 0 such that Y ;°; |f(y;) — f(x;)| < € whenever
[x1,11], ... is a family of countably many disjoint intervals in I of total
length at most é.

Indeed, given € > 0 and a countably infinite family [x,y1],...,
we choose 6 > 0 as in the finite case. If }7°,(y; — x;) < J, then
Yo' (yi —x;) < 6 for all n, and therefore /' |f(yi) — f(xi)] < €

12
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for all n. Thus we conclude that Y72, | f(y;) — f(x;)| < € as needed.
The converse follows from setting all sufficiently large intervals to be
empty.

Exercise 1.2.10. (i) Suppose y is continuous. We first prove that
x — ([0, x]) is right-continuous. This does not require the continuity
hypothesis for u (it is a general property of cumulative distribution
functions). Indeed,

lﬁgu([ofﬂh]) —u([0,x]) = lhiigu((x,wrh]) < u((x,x+1/n))
for all n > 1, and so

lhifgy((x,x +h]) < nli_rgoloy((x,x +1/n))

[e9)

= y(ﬂ (x,x—i—l/n))

n=1
= u(9)
=0

by dominated convergence for sets.
Now we prove left-continuity. We must prove that

tim (0, — ) = p([0,2]) =0,

or equivalently, that

lhlﬁ)w((x —h,x]) =0.

Arguing as before, we see that

lim p(x = b, 2]) < Jim p((x = 1/n, )

[ee)

= y(ﬂ (x—1/n,x})

n=1

= p({x})
=0

as needed.
Conversely, suppose x — ([0, x]) is continuous. Fix x € [0, +c0].
We prove that u({x}) < € for all € > 0. By continuity,

1]1%1#([0/96 —hl) = p((0,x]),

so that

Ii —I,x]) = 0.
,;fow((x h,x]) =0

Thus, for small i we have

p({x}) <p((x—hx]) <e

as needed.
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(ii) Let € > 0. If y < m, then the Radon—-Nikodym theorem tells
us that there exists § > 0 such that |¢(E)| < € whenever m(E) < 6.
Suppose [x1,y1], ..., [Xn, yu] are disjoint intervals in [0, +oo] of total
length at most J, so that m(U!"_;(x;,¥;]) <. Then

n

n n

Yolp(0)) = (05| = Ll xiowd) = w(U ow]) <

i= i= i=1
proving that x +— p([0,x]) is absolutely continuous. Conversely,
suppose x — u([0,x]) is absolutely continuous. By the remarks
above, there exists § > 0 such that u(Uj2;(x;,1i]) < € whenever
[x1,1],... is a countable family of disjoint intervals in [0, +-00] of
total length at most 6. Suppose m(E) = 0. Then outer regularity of
Lebesgue measure implies that we may cover E with an open set U
of m-measure at most 6. Open sets in R can be written as countable
unions of open intervals; thus we may write U = ({2, (a;, b;) so as to
conclude that u(E) < u(U) < e. Since € is arbitrary, we conclude that
#(E) = 0 as needed.

Exercise 1.2.11. [I'm skipping this exercise.]

I saw myself sitting in the crotch of this fig-tree, starving to death,

just because I couldn’t make up my mind which of the figs I would choose.
I wanted each and every one of them,

but choosing one meant losing all the rest, and,

as I sat there, unable to decide, the figs began to wrinkle and go black, and,
one by one, they plopped to the ground at my feet.

— Syrvia PraTtH, The Bell Jar (1963)

14
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1.3. L spaces

... if one were to refuse to have direct, geometric, intuitive insights,

if one were reduced to pure logic, which does not permit a choice among
every thing that is exact, one would hardly think of many questions,
and certain notions ... would escape us completely.

— HENRI LEBESGUE, Sur le développement de la notion d’intégrale (1926)

Exercise 1.3.1. We are given the space LV (X, X, u) together with its
completion LP(X, X, %). Every function f: X — C that is measurable
with respect to (X, X, ) can be associated with a function f: X — C
that is measurable with respect to (X, X, i), such that

A({x € X: f(x) # f(x)}) =0.

It suffices to prove this for simple functions, as a measurable function
is the supremum of a sequence of simple functions. Suppose E; is
X-measurable. Then, by definition of the completion, E; must differ

from an X-measurable set E; by a sub-null set, so that 7(E;) = u(E;).

Thus

n n . n n
/ ZCﬂE du = Zciﬁ(E,‘) = Zciy(Ei) = / ZCilEi du.
Xi:mn i=1 i=1 JXi3

Exercise 1.3.2. (i) We would like to argue that
£ +8llly = [ 1FG) + gl d
J G + 1) P dp

= 1AL + lIglIZ-

(VAN

Thus, given x € X, it suffices to prove that
f)+e)F <If@IP+lg)F,  0<p<1 ()

whenever f(x) and g(x) are both non-zero. This in turn follows from
the real inequality

14+ <1417, t>0, 0<p<l,
as then, for « € C, the complex triangle inequality implies that
1ol < (T4 [a])P <1+ |af?;

the inequality () then follows by setting « = f(x)/g(x). Since the
function h(t) := 1+t — (1 +t)? for t > 0 is such that #(0) = 0 and
W(t)=ptr 1 —p(1+ )Pt =p(1/t'P —1/(1+t)17P) > 0, it must
be a non-decreasing function, and thus the result follows.

(ii) We emulate the proof of Lemma 1.3.3(iii), except this time the
function x — |x|P for x > 0 is concave as we have 0 < p < 1. As
before, by non-degeneracy we may take both || f||;» and ||g||.» to be
non-zero. By homogeneity we normalize | f||.r + ||g||lr» = 1, and

15
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by homogeneity again we write f = (1 —60)F and ¢ = 6G for some
0<6<landF,G € LP with |F||zr = ||G||rr = 1. Our task is then
to show that

‘/}'(((1 —0)F(x) + 0G(x)) dp > 1. ()

Since the function x — x? is concave for x > 0and 0 < p < 1, we
have
(1—0)F(x) +6G(x))" > (1—0)F(x)" +6G(x)P.

Together with the normalizations of ||F|| r and ||G||.r, this implies
(x) as desired.

(iii) By (i), we have ||f +¢gllr < (|fII}, + lIgl},)/?. Since x
x1/? is convex for x > 0 and 0 < p <1, we have

1 1 /p 1 1
p p
(1AL + 5081E) ™ < Sl + 3 lgler.

It follows that

1f + gl < 2YP7 (I fllr + ligller)-

This constant is in fact best possible, since we may take, say, f = 1|
and g = 1 9] to get

If +gller =217 =271+ 1) = 2YP7 (|| fll o + gl o).

(iv) First suppose 0 < p < 1. Since x — x? is non-linear, the only
way equality can occur in Jensen’s inequality

(1 —0)F(x) +6G(x))" > (1—0)F(x)” +6G(x)?

is when F(x) = G(x). This implies that f = cg for some ¢ > 0. The
case for p > 1 is analogous.
When p = 1, the identity becomes

J @ +g@ldp= [ 1fldp+ [ I3l

which holds for all non-negative measurable functions f and g by
linearity of the integral.

Exercise 1.3.3. Let || - || be anorm, and letv,w € {x € V : x| < 1}.
Then, given 0 < t < 1, homogeneity and the triangle equality imply
that

[to+ (1 = Hwl| < |H]]o]| + [T = t[lw]| <t + (1 -8 =1,

so that the line joining v and w is contained in the closed unit ball.
Conversely, suppose that the closed unit ball is convex. Then, given
v,w € V, we must prove the triangle inequality. By non-degeneracy,
we may assume both vectors are non-zero. By homogeneity, we may

assume that ||v|| + ||w|| = 1/2. By homogeneity again, we can write
v=(1-0)v and w = 6w’ for some 0 < 0 < 1 and ¢/, w’ € V with
||| = ||w'|] = 1/2. Convexity then implies that

lo+wll = [I(1 = 0)0" + 6| < (1= 0)[['[| + 6]]w'|| = [0l + [[w],

16
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as desired. The proofs for the open unit ball are analogous.

Exercise 1.3.4. Note that supp f = supp |f|P. Markov’s inequality
implies that

p({rexilf@r =) <u [ f@Pdn< e
Thus .
supp f = U {r e X: [f(x)P > 1}

n=1
is o-finite.

Exercise 1.3.5.
(i) [I could not solve this. This solution is an elaboration of https:
//math.stackexchange.com/a/242792/ for my own understanding.]
Let0 < 0 < ||f|lr=, and let S5 := {x € X : |f(x)| > ||f||r= — J}. By
definition of || - || ~, we have 1(S;) > 0. We compute

p vr 1/p

Il = ([ (f s =0y dn) " = (If s = Om(s" (0
6

for 0 < p < 0. Setting p = po, we see that

(Ifllee = 6)pu(Ss) /70 < I fllro < oo,

so that y(Ss) < oo. Taking the limit inferior as p — oo of (), we thus
have

timinf | £l > I1f].

Conversely, since |f(x)| < | f||r~ for almost every x, we have

”fHLP = </X |f(x)|P_Po|f(x)|po dy)l/lf’
< ([ I iseoman)
= IIfII(L’Zo_”O)/p(/X F(x)|Po dy)l/f’

—po)/ /
— |IF15 PP £ o

whenever p > pg. Taking the limit superior as p — oo, we conclude
that
limsup [|f|[r < [|fl[1e-
p—ro0

Therefore, the limit lim;, .« || f||1» exists and is equal to || f{|r.

(ii) The argument is a modification of (i), except this time we use
sets of the form Sy := {x € X : |f(x)| > N}. We also handle the case
1(Sn) = +oo directly, and we do not need the limit superior case.

Exercise 1.3.6. These are routine verifications. We first verify that the
function d is a metric:

¢ (Non-degeneracy) By non-degeneracy of || - ||, we have d(f,g) =0
iff || f — gl| = 0iff f — g =0iff f =g.

17
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(Symmetry) By homogeneity of || - ||, we have

d(f,8) = If =gl =1=1lllg = fll = d(g. f)-

(Triangle inequality) By the triangle inequality for || - ||, we have
A(f,h) = \If =kl < If =gl + llg = 1l = d(f,g) +d(g h).

This metric d satisfies:

(Translation-invariance) We have

d(f+hg+h) =I(f+h) — @+l =If -8l =d(f g

(Homogeneity) By homogeneity of || - ||, we have
d(cf,cg) = llcf —cgll = lle(f =gl = lelllf — gll = leld(f, &)

Conversely, given a translation-invariant homogeneous metric d,
we may define a function || - ||: V — [0,4+00) by || f|| :== d(0, f). We
verify that this function || - || is a norm:

¢ (Non-degeneracy) By the non-degeneracy of d, we have || f|| =
d0,f) =0iff f =0.

¢ (Homogeneity) By homogeneity of d, we have
lefll = d(0,¢f) = [eld(0, £) = le[lIf1-

¢ (Triangle inequality) By the triangle inequality for d, and by the
translation-invariance of d, we have

1f +gll =d0,f+g)
<d(0,f) +d(f, f+8)
=d(0,f) +4(0,g)
= 1A+ llgll

We may establish analogous claims relating quasi-norms and quasi-
metrics, as well as seminorms and semimetrics.

Exercise 1.3.7. Suppose the series Z]?”:l fj converges absolutely, so
that 3772 || fl| < co. We claim that (Z;;l fi)pey is a Cauchy sequence.
Let € > 0. Then there exists N such that } 72 \ | fj|| < €. Thus, given
m,n > N, we have by repeated applications of the triangle inequality

|2l < X b

<Y Il

j=N

< €.

18
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Therefore (L, f;);7; is Cauchy and converges to a limit f, which
must be equal to } 2 ; f; by definition of summation. Thus Y2, f; is
conditionally convergent as needed.

Conversely, suppose that absolute convergence implies conditional
convergence, and let ( f]);":1 be a Cauchy sequence. Choose a sequence
of integers N; < N < N3 < ... such that || f — fu|| < €/2F whenever
m,n > Ni. Then Z]?O:k ||fN/. —fNj,l | < e/2F1, where k > 2. Therefore
the series Z;';z I fN]. - fN].f1 || converges, and by hypothesis the series
Zf.iz( fN]. — fNH) converges as well. Since

k
lim — fn. ) = lim — = lim — ,
k_mo];(fl\]j fN]_1> k—)oo(ka fN1) k—>ooka le
we see that the limit limy_,, fn, exists. Thus we have a convergent
subsequence of a Cauchy sequence, which implies that the original
sequence converges as desired.

Remark. Here is an equivalent formulation of convergence in L” norm
that is useful for understanding the last sentence of the proof of
Proposition 1.3.7. Let 1 < p < co. Given a sequence (f)5" ; of L?
functions together with an L? function f, we have

lim [|fy — flir =0 i Tim [Ifallir = £l

For the forward implication, the reverse triangle inequality gives

I falle = 1 fllee] < Nfw = fllr =0

as 1 — oo,
Conversely, since |f, — f|F < 2P71(|fa|? + |f|P) by convexity? of
x — |x|P, we may apply the reverse Fatou lemma to get

lim sup . |fn — fIPdu < Xlimsup |fu — fIPdu =0,
n—00

n—o0

so that limy, e || fn — f||Lr = 0 as needed.

Exercise 1.3.8. The argument is similar to the proof of Proposition
1.3.8, except that we exclude the step where horizontal truncation
is used to limit our consideration to bounded L* functions of finite
measure support. This is because in L*, functions do not necessarily
‘decay at infinity.” Such decay allows us to use Markov’s inequality to
write the support of any L function with 0 < p < oo as a countable
union of finite measure sets, which lets us use horizontal truncation
for measure spaces (245A exercise 1.4.36(x)). Consider the measure
space with a singleton set {*}, where p({x}) = co. Then 1,, € L%,
and [ (%) 1isydp = oo, but the only function with finite measure
support is the zero function, which has integral equal to zero.

Exercise 1.3.9. [I learned the following answer from https://math.

stackexchange.com/a/538087/. The key idea I missed was that one
could use a generating set to approximate a c-algebra.] Suppose
X = (A) for some countable set .A. By o-finiteness, we may partition

2 Or, by (1.16),
[fu = FIP < 2P (1 ful? + 1£1P).
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X = Up~q X with p(Xy,) < co. We prove that LP(X,, X' |x,, 1 1x,)
is separable. Let € > 0 and f € L”(X,). Choose a simple function
fl= 2;”:1 ¢j1g; with rational coefficients c; such that 1f = llrex,) <
€/2. We define A, = {AN X, : A € A}. Then A, is countable, with
X |x,= (Ayn). Thus, by 245A exercise 1.4.28, we may approximate
Ej by some set E} € Ay, so that u(E;AE) < (e/2m|c;|)?. Defining
= 1 cle;, we see that

I1f = e x) < MW= Fllrce) + 1 = F e x

m

<e/2+) |cjll1E - Lerllrx,)
=1
m

<e/2+) \Cj|||1EjAE;||LP(X,4)
j=1

<e/2+ ) [cjl(e/2m]cj|)
j=1

= €.

Since the set D, of rational linear combinations Z;”:l ¢j1g; of indicator
functions 1 E; with sets E; € A, is countable, it follows that LP(X,) is
separable.

The general case then follows from letting D be the set of finite
sums of simple functions with at most one taken from each D,; that
is, we let D = UN_1{XN_1 fu : fn € Dy}. Then D is countable,
and given f € LP(X), we may choose an approximation of f|x, by
some function f, € Dy such that [|flx, —fullrr(x,) < €/2"*1, so that
Yo llflx, —fullr(x,) < €/2. By the completeness of L¥, we then
have

e

()= f - ilfn e 1/ (X),

and so Y5 fu € LP(X) as well. Thus we may choose sulfficiently

n

large N for which Y, f, € D is a good approximation for £, so that
1f = Xals fullr(x) < € as needed.

We note that L™ need not be separable. Consider (N,2N,#) for
example, where we have || |1~ = sup, .y |f(n)|. If we look at the
uncountably many maps of the form f: N — {0,1} C C, we see that
they all belong to L. Given any two distinct maps f and g of this
form, we see that || f — g||1~ = 1. Thus we may take small open balls
in L* around each function of this form, to obtain uncountably many
disjoint open sets. It follows that L*(N, 2N, #) is not separable.

Exercise 1.3.10. Let us first note that we are dealing with Young’s
inequality: if a,b > 0 are nonnegative real numbers and p,q > 1 are
dual (so that1/p+1/q =1), thenab <a?/p+b1/q.

Consider the use of convexity in the proof of Holder’s inequaliy.
In particular, we used the fact that

e(1=00HB < (1 — 1) + teP,

When 0 < t < 1, equality holds iff « = B. Since we used this with
a = plog|f(x)| and B = qlog|g(x)], it follows that |f(x)|V = |g(x)|7.
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Thus the claim follows from the normalizations of |f| and |g]| as in
the proof.

Alternatively, one could see this geometrically by proving a more
general form of Young’s inequality: given a real-valued continuous
strictly increasing function f: [0,a] — [0, +o0) with f(0) = 0, we have

ab < /O”f(x) dx+/0bf_1(x) dx,

where b € im f. Indeed, the areas given by the two integrals cover the
rectangle [0,a] x [0, b], which gives the result geometrically. Equality
then holds iff b = f(a), and we may recover the equality case for
Holder’s inequality by setting f(x) = xP/4.

If p is infinite, then we get

£l < I fllz=ligllLs,

or
([ 1rstoman) " < il ( [ lstorman) "

Thus equality holds iff | f| = || f||L~; that is, if |f] is constant a.e..

Exercise 1.3.11. For g = p the result is clear, so suppose 0 < g < p.
By Holder’s inequality, we have

s < WLElasio-a I llee = (E)Y TP £l o
Equality holds iff | f| = 1.

Exercise 1.3.12. [This problem is hard! The solution below is from
https://math.stackexchange.com/a/669971/.]

The idea is to use level sets. Let E) := {x € X : [f(x)| > A}, and
suppose 0 < p < g < co. Then

71 = [Af P> [ F@IF dn > A p(Ey)
A
In particular, if A > m~1/?| f||1», then

1T > m=HIAN L (ER),

so that u(E)) < m. By definition of m, we must have y(E,) = 0. Thus
I <m™ Pl ae.
It follows that
J PG < AT [ GO dp
< (m_l/”l\fHLv)q_”/X f ()P dp,
so that

I£llr < on= 2119 [ £GP an

= m 17 VP £l

)1/p+(1/q71/p)
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as needed. Equality holds iff |f| is constant. The case for g = co then
follows from taking the limit ¢ — oo, noting that || f||zs < C < oo for
some constant C and sufficiently large 4.

Exercise 1.3.13. By Holder’s inequality, we have

IF e = FP 1A
< |||f|1_9HLPO/(1*9) |||f|9HLP1/9
= 110 1o

Equality holds when |f|P0 = |f|F1; that is, when [f|P17P0 = 1, or
when |f| = 1x.

Exercise 1.3.14. By exercise 1.3.11, ||f|[r» < p(E)YP=VP0||f| 1r0, sO
that

AT, < u(E) PPl 1D,
Thus

limsup | f]|7, < u(E).
p—0

By Fatou’s lemma,

. . 1/n : : 1/n _
11m1nf/x|f(x)| dyz/xlggglf\f(x)l dp = u(E),

n—oo

1/n

and so liminf, o [|f[|{, = liminfye || f]1;4/, > #(E) by continuity,

which gives the result.

Time is a waste of money.

— OscaRr WILDE, Phrases and Philosophies for the Use of the Young (1894)
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2.3. The Stone and Loomis—Sikorski Representation Theorems

When DEK taught Concrete Mathematics at Stanford for the first time,

he explained the somewhat strange title by saying that it was his attempt
to teach a math course that was hard instead of soft. He announced that,
contrary to the expectations of some of his colleagues, he was not going to
teach the Theory of Aggregates, nor Stone’s Embedding Theorem, nor even
the Stone~Cech compactification. (Several students from the civil engineering
department got up and quietly left the room.)

— RoNnaLDp L. GRaHAM, DoNALD E. KNUTH, & OREN PATASHNIK,
Concrete Mathematics (1988)

Exercise 2.3.1. Let X and Y be Stone spaces with isomorphic clopen
algebras, with isomorphism ¢: Cl(X) — Cl(Y). Given x € X, we
define the set F(x) := Nyexeci(x) (K) C Y. Since ¢(Ky N ---NKy) =
$(K1) N---N¢(K,) by definition of an abstract Boolean morphism,
the finite intersection property implies that F(x) is non-empty. Now
suppose that F(x) contained distinct points 4 and b. Then, normality
gives us disjoint open sets 4 € U and b € V. Since the clopen sets
form a base for the topology on Y, there exist clopen sets a € K, C U
and b € K, C V; we may take their intersections with F(x) to ensure
they lie in F(x). Then ¢1(K,),¢~1(K,) C K for every x € K € CI(X),
and so
¢ (Ka), ¢ M(Ky) () K={x}.
xeKeCl(X)

Thus K,; = K}, a contradiction. We conclude that F(x) is a singleton,
and we define f: X — Y by sending x to the single element of F(x).

We may construct G and g: Y — X similarly, with G(y) =
Nyexreci(y) ¢ 1(K'). Applying the above arguments, we see that
G(y) is a singleton as well, and so g is a well-defined function. We
claim that f and g are inverses. To prove that g o f = idy, it suffices
to prove that x € G(f(x)), since G(f(x)) is a singleton.

Claim. Given K’ € CI(Y), we have f~1(K') C ¢~ 1(K').

Proof. Note that ¢: CI(X) — CI(Y) is an isomorphism that respects
inclusion. We know that {f(x)} = Nyexeci(x) $(K) C K. If we can
find finitely many K; from this collection such that

¢(Ki)N---Ne(Ky) C K,
we would then have
(P(KlﬁﬂKn) CK/ — KlﬂﬂKn C(P*l(K/)
£ XEKlﬂ"'ﬂKnC(p—l(K’)

as needed. Consider the collection

(XANK)N ] ¢(K)=2

xeKeCl(X)

of closed sets. Then, by the finite intersection property, we have

(XAK)N¢(Ky) M-+ Np(Kn) = 2
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for some sets x € K; € CI(X) with 1 <i < n, as desired. O

We now know that go f = idx, and we may argue similarly
to prove that ¢~ 1(K) C ¢(K) for K € CI(X), so that fog = idy.
Therefore f: X — Y is a bijection, and we will henceforth write f !
instead of g. It remains to be shown that f is a homeomorphism.
Since ¢ maps clopen sets to clopen sets, and since we may verify
continuity of a map by checking that all preimages of basic open
sets (from a base for the topology) are open, it suffices to prove the
following:

Claim. Given K' € CI(Y), we have f~1(K') = ¢~ 1 (K').

Proof. We only need to prove that ¢~1(K’) C f~(K'). Suppose
contrapositively that f(x) ¢ K. We prove that x ¢ ¢~ 1(K’). By
normality, there exist disjoint open sets U and V such that f(x) €
U and K’ C V. By Lemma 2.3.3, clopen sets form a base for the
topology on Y, and so f(x) € K C U for some clopen K. Thus
¢ 1 (K)N¢~1(K') = @. Since f(x) € K, we have

x=f1fx))e ) ¢HK)CpTHK),

F(x)eK"eCI(Y)
and so x € ¢~ 1(K’), as needed. O

Thus, f is continuous. Applying the above argument to f~!, we
conclude that f is a homeomorphism as needed.

Exercise 2.3.2. This is the fact that any finite Boolean algebra is atomic,
which can be seen by sending b € B to the intersection of all sets of
B containing b. [There is probably a way to get this result out of the
Stone representation theorem, which I think involves proving that
the Stone space in question is finite and thus discrete, but I haven't
worked out the details.]

Exercise 2.3.3. [To do...]

Unfortunately, it appears that there is now in your world

a race of vampires, called referees, who clamp down mercilessly

upon mathematicians unless they know the right passwords.

I shall do my best to modernize my language and notations,

but I am well aware of my shortcomings in that respect;

I can assure you, at any rate, that my intentions are honourable

and my results invariant, probably canonical, perhaps even functorial.
But please allow me to assume that the characteristic is not 2.

— ANDRE WEIL, in Annals of Mathematics 69 (1959)
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1.4. Hilbert spaces

Dr. von Neumann,
I would very much like to know,
what after all is a Hilbert space?

— Davip HILBERT, apocryphally (1929)
Exercise 1.4.1. In the real case, we have the identity

1
(v y) = (e +yl? = x = yl?).

Thus, using linearity, we have

(T(), T() = 3 (I + ) = IT(x — ) ).

If the inner product is preserved, then by setting x = y = v/2, we
have
IT@)I2 =T = lloI* = 0]1%,
and so the norm is preserved. Conversely, we may use the fact that
ITCe+y)|| = llx+yll and [[T(x = y)|| = [|x =yl
The complex case is similar; we just use the identity

1 1 . )
(xy) = 7l +yl? = llx—yl?) + 2 Ux+ iyl = llx = iy]?).

Exercise 1.4.2. Let G = ({(x;,X}))1<;j<n be the Gram matrix for (-, ).
Then G is Hermitian, since Gj; = (x;, xj) = (x,%;) = Gj;. To prove

positive semi-definiteness, we compute

n n
z"Az = <2?ixi, Zfixi> >0.
i=1 i=1

Suppose now that the vectors x; are linearly dependent. Then we
may write z1x1 + - - - + z,x, = 0 for some z = (z1,...,2z,) € C"\ {0},
so that z*Gz = (Y' ; zjx;, Y 4 zix;) = 0. Conversely, if z*Gz = 0 for
some non-zero z € C", then the non-degeneracy of (-, -) implies that
we have the non-trivial linear combination Y ! ; Z;x; = 0.

[Had to look up the following to figure it out.] Let M be ann x n
Hermitian matrix. Then M is positive semi-definite iff there exists a
decomposition M = B*B. If M = B*B, then

z*Mz = z*B*Bz = (Bz)*(Bz) = ||Bz||* > 0.

Conversely, since M is Hermitian, we may decompose M = Q’lDQ
where Q is unitary and D is a diagonal matrix whose entries are the
eigenvalues of M. By positive semi-definiteness, these eigenvalues
are non-negative, and so we may define D/2. Setting B := D/2Q,
we obtain

B*B — Q*(Dl/Z)*Dl/ZQ _ Q*DQ — Q—lDQ - M

as needed.

When I wrote this solution, I thought
that x* Ay = (x,y). But I think now that
it’s supposed to be x*Ay = (y, x); that
will probably give a solution with less
conjugates.

The matrix B is invertible iff M is
positive-definite.
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We may then use the columns of B as our vectors x;, since (B;, Bj) =
M;; as needed.

Exercise 1.4.3. We compute

||X1 + X2H2 = <X1 + xp,x1 + x2>
= (x1,x1) + (x1,x2) + (%2, x1) + (x2, X2)
= ||lx1||* + ||x2|?
in the n = 2 case. Inductively, we then have

n n

noo2
1L = (L ox)
i=1 i=1 i=1
n—1 n—1 n—1
Xi, Z xi)+ < Z xirxn> <xnr Z X > xn/xn

i=1

<Z
=
-1 2 n—1
2 + Y (xi xn) + 2 X, Xi) + |2 ||?

i=1 i=1

= 2
=) llxll®
i—1

In particular, since ||x1 + x2||> = [|x1||*> + [|x2]|? > ||x1]|?, we see that
lx1 + x2]| > ||x1]| whenever x; and x; are orthogonal.

Exercise 1.4.4. Suppose Y }_; cxeq, = 0. Then

n n
0= <Z CkCuys elXj>: Z Ck<31xkretxj> =Cj
k=1 k=1
for 1 <j<mn,and so (ex)seca is linearly independent.
Suppose x = Y, ckex,- Then c; = (x, e4;) as noted earlier, and if
ey 7 e for1 <j<mn, then (x,e) =Y} 4 ck(eaj,e,x) = 0. Thus

n

Z (x,ea)en = ) (X, eq,)en, = Z Ckln, = X
x€A k=1
as needed.
Now we may compute (with no worries as only finitely many terms
are Non-zero)

%[> = {x, x)
= (X (readen, ¥ (x,e5)ep )
a€A peA
=Y Y (xea)(xep) (en ep)
acABeA
— Z [(x, eq)|?
xeA

Exercise 1.4.5. The correct idea is the natural one, where we subtract
from v its components in ¢; and then normalize it. That is, we define

ey = —— i1 (v ei)ei
T o — X (v ee]|
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Here, the denominator is non-zero as v does not lie in the span of
e1,...,en. Then, clearly |le,+1]| =1, and for 1 < j < n we have

1 n
(er1.) = o p agal 0~ Lo elene)

i
= 1 ( 0,¢e;
[o =YXy (v, el i

=0,

n
(v, e;) el,e] )
i=1

so that {eq,...,e,1} is orthonormal, with span equal to {e, ..., e,, v}.

Therefore, given some n-dimensional complex inner product space
V, we may take a basis {e},...,e;,} for V, and modify it so that it is
orthonormal. Then we may define a map V — C" by sending ¢; to
e; € C"; this is seen to be invertible. Since this mapping preserves
the inner product ((eﬁ,e}) = [i = j] = (ei,¢;)), we conclude that V is
isomorphic to C" as a complex inner product space.

Exercise 1.4.6. We have

lx+yll>+ lx—yl* = (x+y,x+y) + (x—y,x—y)
= (x,x) + (x,y) +{y, %) + (v, y)

+(xx0) —(ny) — W0+ vy
= 2|x* + 2|y

on any inner product space.
Suppose A and B are disjoint sets of finite positive measure in
LP(X, X, u) with p # 2. Then

/|1A+1B|pdV /\1A—1B|pdﬂ) pZZ(M(A)+#(B))1/”/

whereas

o[ ralan)”” 2 [ olran) " = 20u04077 1 (),

[For the proof of the Hanner inequalities, I have nothing to say, so
I refer the reader to Lieb—Loss section 2.5.]

Exercise 1.4.7. Suppose S C H is a subspace that is also a Hilbert
space. Then, given a convergent sequence (x,)$* ; C S with limit
x € H, we see that (x,,)$* ; is a Cauchy sequence that lies completely
in S. Thus it converges to a limit x’ € S, and uniqueness of limits
implies that x = x” € S as needed. Conversely, suppose we are given
a Cauchy sequence (x,)5; C S. Then it is also Cauchy in H, and
thus converges to a limit x € H. Since S is a closed subset of H,
it follows that x € S, and so (x,)5_; converges to a limit in S, as
needed.

In particular, if D C H is a closed dense subset, then D = D = H.
Thus, proper dense subspaces of Hilbert spaces are not Hilbert spaces.

Exercise 1.4.8. (Sketch) The following construction is very much like
the construction of the real numbers as the Cauchy completion of the
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rationals, or more generally the metric completion of a metric space.
Elements of V will be equivalence classes of Cauchy sequences in V;
vectors f € V will correspond to the constant sequence (f)$_,. Write
|| - || for the norm induced by the inner product (-, -). Given Cauchy
sequences (f,)o ;1 and (gx)5_ 1, we write (f)5_ 1 ~ (gn)5q if we
have limy, e || fn — gul| = 0. This is an equivalence relation by the
triangle inequality; we define V to be the space of Cauchy sequences
in V quotiented by this relation. Elements of V are written as [(fy)].
We define addition and scalar multiplication as expected, with [(f,)] +
[(gn)] = [(fu+gn)] and c[(fn)] :== [(cfn)]. These operations are easily
checked to be well-defined. We define the inner product

()] [(gn)]) = Jijg)(fn,gn%

Clearly this extends the inner product on V (with elements f of V
identified with constant sequences [(f)]). The limit exists, since we
may verify that ((fu, gx))5; is a Cauchy sequence in C. The idea is
to compute

| (fns §m) — (frr &) | < [{fins §m) — (fins §n)| + [{fms §n) — (fu, &n)|
= | (fim, gm — &) + [{fmn — fu, gn)|
< | fmllllgm = &nll + Wl fn = fullllgnll;
this quantity can be made arbitrarily small for m,n > N as Cauchy
sequences are bounded. We may also verify that the inner product
is well-defined. The inner product axioms follow easily from those

of the original inner product on V. It remains to be proven that V is
complete. Note that we have

([(f)) [(f)]) = nlgrolo an||2/
in particular, the norm on V is given by
1N = Jim [ £l

Let ([(fux)i>4])5> be a Cauchy sequence in V. Then, given € > 0,
there exists N such that

lim || for — fiill <€ (*)
k—o0

whenever m,] > N. We construct a candidate limit [(f,)5_,] for this
sequence. Let f; := fi 1. Since (f2);— is Cauchy, choose 1, > 1 such
that || f2,, — f21]| < 1/2 whenever m,l > ny. We then let f, = f5,,.
We may continue in this fashion to obtain a sequence 1 =: 111 < 13 <

- of positive integers with || fr ,, — fi;|| < 1/k whenever m,[ > ny
and fi == fi .- The sequence (f,);., is Cauchy since, for sufficiently
large I and m with [ > m, we have by (*):

I fr = fill = Nl e = frm I
| frn e — Frg || + L frmy — fim |l

1
< —+e
m

IN
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Finally, we prove that ([(fuk);])5e converges to [(fi)7>,]. We

must find large N for which limy_, || f; x — fill < € whenever n > N.

By (*), we may choose N such that limy_,« || fx — fik|| < €/2 for
m,l > N, with 1/N < €/2. Then, for n > N, we have

30 1 fk— fin | < B0 [ fok — | [, — fin |
€

< — =
= 5 €

€
5t
as needed. Therefore V is complete.

We prove that V is dense in V. Given [(f,)] € V and € > 0, we have
|| fm — full < € form,n > N, so that the constant sequence [(fn)5;]
is within € of [(fy)].

Suppose V' is another completion of V, in the sense that V' contains
a dense subspace isomorphic to V. Then we may define a map ¢: V —

V' by sending [(f,)] to the limit of (f,) in V'; clearly this fixes V.

This map is well-defined since if we write f = ¢([(f)]), and if (f},) ~
(fu), then limye0 || f — fI| = limu—eo || f3 — full + limy—eo [ fn — fI| =
lim,, 0 || fn — f]|. Since V is dense in V', given f € V', we may choose
for each n some f, € V such that || f, — f||y» < 1/n; this defines a
map ¢: V' — V with ¢: f — [(f,)]. This map can be checked to be
well-defined. We can verify that ¢ o ¢ = idyy and ¢ o ¢ = idy.

Exercise 1.4.9.
e Positivity of (-, ) gop:
((x, xl)r (x, xl)>H65H’ = (x, %) + <x’, x,>H’ 2> 0.
e Sesquilinearity of (-, ) gapr:
We have
(c(x,x") +d(y,y), (z.2)) now

= ((ex +dy,cx’ +dy'), (z,2)) momr

= (cx+dy,z)g + (cx' +dy, 2 )y

=c(x,z) g +d(y,z)n + &', 2w + Ay, 2w

=o{(x,x"), (22 now +d{(v,¥), (z.2)) How;

the conjugate linearity of the second slot is proven similarly.

¢ Conjugate symmetry of (-, -) gap:

(6, "), YN Hew = X y)u+ &y ) w
=y, x)u + ', )
= (¥, (x, X)) hom

e Completeness of H® H':

The norm in H & H’ is given by

I, D) = \/<(x, x'), (x,x')) = \/IIXII2 + [|]%.

I forgot to prove that the inner product
is preserved; this should be a standard
continuity argument.
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Let ((x4,x},))5_; be a Cauchy sequence. Then, for every € > 0, there
exists N such that

1 Gom — i,y — X = /Il — 3l + [y — 242 < €

whenever m,n > N. In particular, we have ||x, — x,|| < € and
||x}, — x),|| < € whenever m,n > N, so that (x,),en and (x),),eN are
Cauchy. Thus they converge to limits x € H and x’ € H’, and it is
easy to show that (x,, x;,) — (x,x’) as needed.

Exercise 1.4.10.

e K is convex but not closed.

Let H=R, K= (0,1), and x = 0. Then d(x, K) = 0, but all points of
K are at a positive distance from x.

e K is closed but not convex.

[Had to look this up.] Let H = ¢(?(N), K = {(1+1/n)e, : n € N},
and x = (0),en. Then

d(x,K) :nlglg [(1+1/n)e,|| :}1121{1(1+1/n) =1

Since d((1+1/n)ey, (14 1/m)ey) > /2 for distinct points of K, we
see that K consists solely of isolated points, and so K is closed.

* K is closed convex, but H is not complete.

Let H = C([0,1]) C L?([0,1]), and let K be the subspace of continuous
functions supported on [0,1/2]. Then ...

¢ Existence (but not uniqueness) can be recovered if K is assumed to
be compact rather than convex.

Let D := infyck [|x — y|| as in the original proof, and find a sequence
Yn € K such that ||x —y,|| — D. Use compactness to extract a
convergent subsequence y,; — y. Then y € K since K is closed, and
I~ yl[ = D.

Exercise 1.4.11. [To do...]

Exercise 1.4.12. The subspace V is convex by linearity, and so given
x € H there exists a minimizer xy € V. Clearly xy is the closest
element of V to x. Let xy,. := x — xy. Suppose for contradiction that
(xy1,v) # 0 for some v € V. Scale v so that ||v|| =1, and set

xlvl =Xyl — <xVJ_/ U>U/

Xy, = xy + (xyL, x)0.
Then x = xy, + x|, with xj, € V. We have

(xy,0,0) = (xy1 — (xy1,0)0,0) = (xy1,0) — (xy1,0)(0,0) =0,
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and so x/,, is orthogonal to (x,.,v)v. The Pythagorean theorem then
implies that

lxy 17 = llxy 2+ [y e, 2)ol1?,
so that [|x,, || < [[xy.||, a contradiction. Thus xy,. is orthogonal to
every element of V as needed.

Exercise 1.4.13. Let V be a subspace of a Hilbert space H.

e V! isa closed subspace of H, and (V) is the closure of V.

By sesquilinearity, V! is a subspace of H. By continuity of the inner
product, V+ is closed. Thus (V+)* is a closed subspace. It contains

V since, if v € V and x € V*, then (v,x) = 0. Thus V C (V).

Conversely, if x € (V)L then we may write x = xy; + Xl with

(x,250) = (xg, xp0) + (xp0, x0).

Since V" = V1, it follows that ”va | =0,and so x = xy € V as
needed.

e V1 is the trivial subspace {0} if and only if V is dense.

If Vt = {0}, then (V1)L = H. Thus V = H, and so V is dense.

Conversely, let w € V+, and use the density of V to choose a sequence

(wy)$?, in V converging to w. Then, we have 0 = (w,, w) — (w,w),

and so w = 0 by continuity.

e If V is closed, then H is isomorphic to the direct sum of V and V.

The obvious candidate for the isomorphism is the map ¢: H —
V & V+ defined by ¢(x) := (xv,x.), which is well-defined as V
is closed. It has an inverse given by (v, w) — v + w, and the inner
product is preserved since

(p(x), ¢(y)) = ((xv, xy1), (yv, yy1))
= (xv,yv) + (xyL,¥yL)
= (xv,yv) + (v, yyL) + Xy yv) + Xy, yye)

= <x/y>-

e If V, W are two closed subspaces of H, then (V + W)+ =Vt W+
and (VNW)+ =V5i4+ WL

If x € (V+ W)L, then (x,v+w) =0forallo € Vand w € W.

In particular, since 0 € V and 0 € W, we have (x,v) = (x,w) = 0
forallv € Vand w € W. Thus x € V- N WL, Conversely, since
0= (x,0) + (x,w) = (x,v+w), we have V- NW+ C (V+ W)L

If x € (VNW)4, then (x,y) = 0 whenever y € VN W. Writing
x=xy+xy1,...[Todo!]

Conversely, if x € V+ and y € W+,

(x+y,2) = (x2)+(y,2) =0

whenever z € VN W. Thus V4 + W+ C (VN W)+, By continuity of
the inner product, we deduce that V.- + WL c (VN W)=+

Exercise 1.4.14. [To do...]

31



245B SOLUTIONS (HO BOON SUAN)

Remark. The following fact will be quite useful for the next few
exercises: if (x,v) = (x/,v) for all v € H, then x = x’. Indeed, setting
v = x — x/, we see that (x — x/,x — x’) = 0. Non-degeneracy then
implies that x — x’ = 0, so that x = x’ as needed.

Exercise 1.4.15. We define T': H' — H as follows: given y € H’,

the map A: H — C defined by A(x) = (T(x),y) is a continuous
linear functional. The Riesz representation theorem gives us a unique
element z € H such that A = A,. Then we define T*(y) := z. Thus
(T(x),y) = (x,T*(y)) for all x € H and y € H'. Additivity follows
from the fact that

(x, THy +y') = (T(x

= (T(

(T(x),y+y)
(
(
(

)y

)y} +(T(x),y)
TH(y)) + (x, T (y))
= (X, T'(y) + T'(y");

scalar multiplication is verified similarly. Thus T? is linear. To verify

=

= xl

continuity, suppose ¥, — y. Then the continuity of the inner product
implies that
(x, im T (y) — T"(y)) = lim (2, T (ya)) — (x, T' ()

n—o0

= lim (T(x),yn —y)

n—oo

(T(x),0)
=0,

and so lim, e TT (y) = TH(y).
Exercise 1.4.16.
o (TH' =T.
We have
(x, (T (x") = (T"(x),x) = (&', TH(x)) = (T(x"), %)

for all x,x’ € H.

I
—~
&
H
—
R\
~—r
~—

e T is an isometry iff T'T = idy.
Suppose T is an isometry. Then
(x, T'T(x)) = (T(x), T(x)) = {x,2') = (x,idu(x)).
Conversely, if T'T = idy, then
(T(x), T(x)) = (x, T'T(x')) = (x, %)
as needed.

¢ T is an isomorphism iff T'T =idy and TTT = idyy.
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Suppose that T is an isomorphism. Since T preserves the inner
product, we have

(x, T"'(y)) = (T(x),y) = (x, T'y).

Thus T-! = T, and so T'T = idy and TT' = idyy. Conversely, we
see that the inverse of T exists, with T~1 = Tt, and so

(T(x), T(x')) = (x, T'T(x')) = (x,x').
Thus T is an invertible isometry; that is, an isomorphism.

e IfS: H — H” is a continuous linear transformation, then (ST)" =
TtSt.

We compute

(x,(ST)"(2)) = (8(T(x)),2z) = (T(x),5"(2)) = (x, T*(5(2))).

Exercise 1.4.17. Write x = 71y (x) + xy,.. Then

{7ty (x),0) = (x = xy1,0) = (x,0) = (x,1v(0)).

Exercise 1.4.18. (i) Suppose Y% ; [c4|? < oo. Then, for large N, we
have Y%°  |cn|? < €. Thus, the Pythagorean theorem implies that

l

2 1
= Z ||CnenH2 = Z |Cn|2 <e
n=k

n=k

l
H Z Cnén
n=k

whenever k,I > N as needed. Therefore completeness implies that
Y1 Cnén exists.
Conversely, suppose ), ; cne, exists. Then, we may compute

[e¢] [ee]
Z |Cn‘2 = Z ||Cnen||2
n=1

n=1

N
p— 1' 2
nglo’; l[cnen|

(ii) Since Y% ; |cx|? is absolutely convergent in R, it is conditionally
convergent as well, so that )7’ ; |C¢7(n)|2 = Y% 1 len]? < oo for any
permutation o: N — N.

We now prove that limy_,e 2111\]:1 Co(n)€o(n) = L= Cnén- Lete >0,
and choose large M such that

[ee)

| £ oo

n=M+1

<e/2
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and
o0

) leal? < (e/2)%.

n=M+1
Then, choose N > M such that

(1,...,M} € {o(1),...,c(N)}.

Writing S := {1,..., N} \ {k: 1 < o(k) < M}, it follows that

(=) N =]
H Z Cnébn — Z Co(n)Co(n)|| = H Z Cnén — Z Co(n)€o(n)
n=1 n=1

n=M+1 nes
< H Cnly || + H Z Coy
=M+1 nes
1/2
2
<e/2+ (Z |C(7(n)| )
nes
<e

7

as needed.
(iii) Define ¢: £2(N) — H by ¢: (cn)%; — Y04 cuep; this is well-
defined by (i). Then, by continuity of the inner product, we have

(PUenz-0) 970 = (L e 1 che)

(iv) If x € V, then x = Y ;7 | cuen. Since (x,en) = (Yioq cie, en) =
Yioqcilei, en) = cp, it follows that x = Y77 1 (x,en)e,. If x € H, then
ny(x) € V, and so by exercise 1.4.17, we have

as needed. We compute

Iyl = (X txen)

We also have by the Pythagorean theorem

[e°]

Yo [ en) P = [l ()12 < x|

n=1

Exercise 1.4.19. We first prove that (i) is equivalent to (ii). Given
x € H, we have x = } ¢ 4 ca€s, Which we may rewrite as Y ; cq,€a,
since at most countably many terms are non-zero. This is the limit of
finite sums Y_)_; ca, €4, that all belong to the algebraic span of (ex) e 4,
which gives the result. Conversely, the algebraic span of (ex)yca is
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a subset of the Hilbert space span of (ey),c4, and the Hilbert space
span of (eq)yc4 is closed, so it must be the entire space H.

To prove that (i) implies (iv), notice that we may write any element
x € H as a countable sum )’ ; c4,€s,. Then we may compute just
like in exercise 1.4.18(iv) to obtain the identity

X = 2(35,6%)6“” = Z (x,eq)eq
n=1 a€A
as needed. Similarly, an easy calculation proves that (iv) implies (iii).

We prove that (iii) implies (v). Suppose x € H is orthogonal
to all vectors e,. Then (x,e,) = 0 for a € A, and so ||x||> =
Youca [{x,ex)|? = 0, which implies that x = 0 as needed.

Now we prove that (v) implies (i). Suppose x € H is orthogonal
to the Hilbert space span of (eq),ca. Then (x,e,) =0 foralla € A,
and so x = 0 by hypothesis. Thus, the orthogonal complement of
the Hilbert space span of (ey)qc4 is trivial, and so the span must be
dense in H by exercise 1.4.13. Since it is closed, it must be equal to H.

Now we know that (i)—(v) are equivalent. We prove (i) implies (vi).
Let ¢: £>(A) — H be the isometric embedding of ¢/?(A) into H that
defines the Hilbert space span, so that ¢((ca)sca) = Laca Cata- Then,
given x € H, we may write x = Y ,c 4 Ca€s, and so x = ¢((ca)aca),
which proves that the image of ¢ is H, as needed.

Finally, we prove that (vi) implies (iii). Let x € H. Then x =
¢((ca)acn) for some (cy)uen € F2(A), and we thus compute (using
the fact that ¢ is an isometry)

Ix][ = (x, %)

= ((ca)aca, (ca)aca)

= Z |Ctx|2

acA

= 2 |<(Coz)tx€A/5a>|2

aneA

= Z |<xr€zx>|2-

aEA

Exercise 1.4.20. We use Zorn’s lemma to prove that every vector space
has an algebraic basis. Consider the poset of linearly independent
subsets of a vector space V ordered by inclusion; it is non-empty as it
contains the empty set. Then, given a chain, we prove that its union
S is linearly independent. Indeed, if }}' ; c;v; for v; € S, then the v;
all belong to some set in the chain, which is linearly independent,
and so ¢; = 0. Thus we obtain a maximal linearly independent set
B; we claim that this is an algebraic basis for V. Indeed, suppose
for contradiction that v € V cannot be expressed as a finite linear
combination of elements of B. Then it is easy to verify that BU {v} is
linearly independent, which contradicts the maximality of B.

Exercise 1.4.21. Let ¢p: >(A) — ¢?(B) be an isomorphism. Given an
orthonormal basis (eg)gep for £2(B) (Proposition 1.4.18 guarantees
its existence), every basis element eg may be written as ¢(¥yc 4 Cu€a)
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for some element ¥, 4 cxes € ¢%>(A). This sum must only have at
most countably many non-zero terms, so we may write ) ,c 4 Cx8sx =
Y 4 CayCa,- In this fashion, we obtain a cover of B by a family of
at most countable sets indexed by A (namely, {es,,€q,, ...} covers
{eg}). This yields an injection B — A by the axiom of choice; we may
argue similarly to obtain an injection A — B. Therefore, the Schroder—
Bernstein theorem implies the existence of a bijection A — B, as
needed. (Admittedly, this is overkill for the case where one of the
index sets is finite, but it works.)

Exercise 1.4.22. If (ex)sca and (eg)pep are both orthonormal bases
for a Hilbert space H, then we see by exercise 1.4.19 that ¢>(A) ~
H =~ (?(B). Thus, by exercise 1.4.21, we have A ~ B as needed.

Exercise 1.4.23. Let (fy),en be a countable dense subset of H, and
let (ex)qc 4 be an orthonormal basis. Then, each f,, may be expressed
as a countable sum )} 7 ; Cnk€a, - The collection (ea,,,k)n,keN is at most
countable, although its elements may not be distinct. Write its distinct
elements as (e;),eN. We prove that the algebraic span of (e,),en is
dense in H. Indeed, let x € H, and let € > 0. Then, by density, there
exists some f, with ||f, — x|| < €/2. This f, is in turn a countable
sum ) 2, Cy ke k, and so we have

for sufficiently large N. Therefore, the algebraic span of (e,)neN is

<e/2

N
fn - Z Cn kCn k
k=1

dense in H, as needed. In particular, (e,),eN is an orthonormal basis
for H that is a subset of (ey)4e 4, and so it must have been the entirety
of (ex)yca to begin with.

Conversely, suppose (ex)sc4 is an at most countable basis for H.
Then, by exercise 1.4.19, the algebraic span of (e4),c4 is dense in H.
This span might be uncountable, but we may replace the coefficients
with rational coefficients (so that they are of the form p + ig with
p,q € Q). This is still dense in H, and is countable, as needed.

Exercise 1.4.24. (Sketch) Let (ex)sca and (eg)pep be orthonormal
bases for H and H’'. Then we may construct the tensor product of H
and H’ as vector spaces as usual. Define on this vector space H® H’
an inner product as specified by (ii) and extended by linearity. This
space need not be complete with respect to this inner product, so we
must take its Hilbert space completion. ...

Exercise 1.4.25. [l am quite lost for this and the previous exercise. I
have written down some ideas gathered after reading https://math.

stackexchange.com/q/433635/ and https://math.stackexchange.com/

a/2349297/.] If we are given countable orthogonal bases (¢;)ien and
(¥j)jen for L?(X) and L?(Y) respectively, then the tensor products
(¢i ® ¥j)ijen form an orthogonal basis for L2(X x Y). Indeed, we
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may compute

(02 9,9 @92 = [, (909 8) o) (@D )5 y) d(p x v)

= [ 0@ @)EER) d(n xv)

= [ onan [ wwlya

= (Pi, Pr) 120x) (P Y1) 12()
= 0ikdji-

Now, if ¢ € L?(X x Y) is orthogonal to all ¢; ® 1;, then

/X(Pi(x) dx/yll’j(y)g(x,y) dy =0

for all 7, j. Thus the function

x| ww)gtry)dy

is zero almost everywhere, which in turn implies that g is zero almost
everywhere as needed.

One moral of the above story is, of course, that we must be
very careful when we give advice to younger people;
sometimes they follow it!

— EDsGER W. D1jksTRA, The Humble Programmer (1972)
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1.5. Duality and the Hahn—Banach theorem

WA RAEL  Rest and unrest derive from illusion;

18 247 & with enlightenment there is no liking and disliking.
—b1 =% All dualities come from

T A#B  ignorant inference.

$4183¥  They are like dreams of flowers in the air:
544 foolish to try to grasp them.

HRAE  Gainand loss, right and wrong:

— B AP such thoughts must finally be abolished at once.

— G, (15548) (c. 600)

Exercise 1.5.1. [Had to look up a bit to realize I needed compactness
somewhere.] Let T: X — Y, and let {ey,...,e,} be a basis for X. Let
M = maxj<j<y ||T(e;)|ly. Then

IT@)ly = éwnm

n n
|, < L loillTE)ly < MY foil.
i=1 i=1

It remains to show that Y/ ; |v;| < C||v||x. In fact, it suffices to prove
the claim for vectors satisfying 3! ; |v;| = 1 by homogeneity, in which
case the claim reduces to proving that C < ||v||x for some constant
C > 0. Consider the set

n
S:= {(cl,...,cn) €eC:) o = 1}.
i=1
(This is the unit sphere in the ¢! norm.) It is closed and bounded, and

thus compact. Define f: S — [0, +00) by f(c1,...,cn) = || LiLq cieil| x-
Then f is continuous, as we may compute (with C := max; <<, ||¢;||x)

;e [ e

X

n
< HZ(Ci —d;)e;
& X
i=1
n
<Y lei —dillleil|x
iz

n
§C2|Ci_di|

i=1
S C\/HH(Cl,...,Cn) — (dl,...,dn)ch,

where we used the Cauchy-Schwarz inequality at the end, and where
| - ||cn denotes the standard Euclidean norm on C". By the non-
degeneracy of || - ||x, f is positive everywhere, and so the extreme
value theorem gives us a point s € S for which f(s) > 0 and f(s) =
ming g f(s'), as needed.

Exercise 1.5.2. We prove that || - [[op == || - [[p(x—y) is @ norm. If
[ T||op = O, then || Tx||y < 0[x[|x for all x € X, so that Tx = 0 for all
x € X. Thus T = 0. Conversely, it is easy to see that ||0[|op = 0.

Next, we consider |[aT||op. The case for a = 0 is clear from non-
degeneracy, so suppose that a # 0. Then

1@T)x[ly = [al|Txly < |al[|T]lopllx[Ix
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for all x € X, so that [[aT|op < |a]||T||op. Similarly, since ||Tx|y =
1

ﬁH(aT)xHy < —‘HaT||op||x||X, we have |a|||T||op < ||aT||op as needed.

—= ‘ﬂ
Finally, we have

15x + Txlly < [|Sx[ly + [ITxlly < ISllopllx[lx + [ Tllopllx]lx

for all x € X, so that ||S + T||op < [[S[lop + || T||op as needed.

Now, suppose Y is complete, and let (T;),en C B(X — Y) be
a Cauchy sequence. Then, given € > 0, there exists N such that
| T — Tillop < € whenever m,n > N. Thatis, || Tx — Tx||y < €flx|x
whenever m,n > N and x € X. Thus (T,x),en C Y is Cauchy for
each x € X, and thus converges to a limit Tx € Y. We must prove
that T € B(X — Y), and that limy, e || Ty — T||op = O.

Since Cauchy sequences are bounded, we may choose C with
| Tullop < C for n € N. Then, for large 1, we have

ITx|ly < [ Tx — Tux|ly + || Tuxly
S €+ HTnHopHx”X
< e+ Cllx|lx

for all x € X. Sending € — 0 proves that T € B(X — Y) as needed.

Finally, we prove that lim; e || T;; — T||op = 0. It suffices to prove
that ||T,x — Tx||y < €||x||x for large n and all x € X. If ||x||x = O,
this is trivial. If ||x|x = 1, this is precisely the definition of T — in
particular, we defined Tx := lim,_,e Ty, so that ||T,x — Tx|y < €
for large n. Finally, if ||x||x # 0, the result follows from the ||x||x =1
case together with homogeneity.

Exercise 1.5.3. We compute
1STxllz < ISllop I Tx[ly < ISllop I TllopI*/lx,
which implies that [|ST||op < [|S|lop || T |lop-

Exercise 1.5.4. (Sketch) (i) The construction of the completion is
standard (see exercise 1.4.8). The isomorphism is defined in the same
way, except now we must prove that the map is an isometry. If v € V,
then ¢(v) = limy_0 vy in V', and so

l9(@)llg = lim [[oully = lim [[oully = o]y,

where we took the limit in V' at the end.

(ii) The map X* — X is defined by extending f: X — C by
density of X in X together with continuity; namely, if x € X, then
we have a sequence (x,),eN C X converging to x, and so we define
f(x) = lim,_se0 f(x). The map X~ — X* is defined by restriction.
Then we may verify by continuity that || f|lop = || f]lop-

Exercise 1.5.5. We only prove the case for C". Define a map C" —
(C")* by x — (—, x). By the Riesz representation theorem, we obtain
an inverse (C")* — C"; thus we have a bijection between C" and its
dual. It remains to prove that the norm is preserved. Indeed, we
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have ||(y, x)|lc < ||x||ct||y||cn for all y € C" by the Cauchy-Schwarz
inequality; this gives us the bound [[{(—,x)[(cn)« < [[x/cn. Setting
Yy = x, we see that this bound is attained, and thus we have

(=) l(cny = lIxllex

as needed.

Exercise 1.5.6. We begin with a lemma that we will need for (i).

(There is probably a simpler way to do this exercise, but this is what I
came up with.)

Lemma. Let (c;)nen C C be a sequence of complex numbers, and suppose
there exists a constant C > 0 such that |}, ¢n| < C for every finite subset
S C N. Then (cy)nen is absolutely summable; that is, Y, cn |cn| < co.

Proof. Suppose contrapositively that ), cn [cn| = co. We may split
this sum into four sums, depending on which quadrant of the complex
plane ¢, lies in (we make an arbitrary choice as to which quadrants
the axes belong to). Thus we may write the sum as

D D DR D DA D B

R(cn)>0,3(cn)>0  R(cn)>0,3(cn)<0  R(cn)<0,3(cn)>0  R(cn)<0,3(cn)<0

One of these sums must be infinite. Suppose it is the first; the other

cases are handled similarly. Let S := {n € N : R(c,,) > 0, (cn) > 0}.

Then

= 2 [Cnl

nesy

= ¥ /R + ()2

neSy

< Y Rew)+ Y S(en);

nesy neSy

thus one of the sums is infinite; say

Y R(cn) = oo.

nesy

Then we may choose a large finite subset S C S for which

Y R(cw) > C.
nes
Thus, we have

‘ch 2‘%2@, :‘Z%(CH)

nes nes nes

>C

as needed. O

(i) Recall that an isomorphism between normed vector spaces is a
continuous invertible linear isometry. Define a linear map

¢: B(cc(N) = C) — (1(N)
fr— (f(en))nen.
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Why is ¢(f) € ¢1(N)? We have ||f||op < o0, and
|f((xn)nen)| < ||fH0pH(xn)neN||é°°(N)
for all (xy,)neN € cc(N). In particular,

e

for all finite subsets S C N. Thus, the lemma above implies that
Yuen |f(en)| < oo, so that (f(ex))nen € £1(N). Define a linear map

= |f((en)nes)| < ||f||0p

¢: /L(N) — B(c.(N) — C)
(an)neN — ((bn)neN — Z anbn).

neN

Then

X anbu| < X laullbal < [ )uenllemn) X lanl,

neN neN nGN

and so [|¢((an)neN)llop < Lnen lan] < oo, so that ¥((an)nen) €
B(c:(N) — C). To see that this bound is attained, let (b,)_, =

n=1
(@a/ |an]) )2~ Then [[(Ba)y [l (ny = 1, s0 that

‘ Y anby| =

neN

N
L ol
n=1
which implies that [|[((2x)nen)[lop > LA1 |an|. It follows that

¥ ((an)nen)llop = Y lanl = [l(an)nenlla(n)

neN

N
= [1(Bn)5n [l () D anls
n=1

and so ¢ is an isometry.
Now, we prove that ¢ and ¢ are inverses. We compute

PY((@r)nen) = ¢((Buhnen = 1 aub)

neN

= (((bn)neN — Z ﬂnbn)(en)>
neN neN

= (an)nen

and

Yo(f) = p((f(en))nen)
= ((b)uen = ¥ Flew)ba)

neN

= ((bn)neN — f( 2 bn3n>)

neN

Thus ¢ = ~1; in particular, ¢ is an isometry, and so ¢ is continuous
as needed.

(ii) We first prove that cy(N) is complete. Suppose ((4,k)keN)neN
is Cauchy, so that

[(@mi)ken — (@np)renleon) < €
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whenever m,n > N. Then, for all k, we have

|am,k - an,k‘ <e (%)
whenever m,n > N, so that (an,k)nGN C Cis Cauchy and converges
to a limit g, € C.
We prove that (a;)ren € co(N). Taking the limit m — oo in (), we
see that
|y —ani| <€ (t)

for all k, whenever n > N. Since (ay i)ren € ¢o(N), we have
|ax] < lax — anil + lan k] < €+ lan| < 2e

whenever k is large. Thus limy_, a; = 0 as needed.
Now we prove that (a4, x)ken — (ax)ken as 1 — o0 in co(N). We
must prove that limy e [|(24)keN — (ak)ken || (ny = 0. Since
[ (an)ken — (ar)ken|leo(n) = sUp an, — ax| < €
keN
whenever n > N by (1), we are done.

Next, we prove that ¢.(N) is dense in c¢p(N). Let (by)nen €
co(N). Then |b,| < € for n > N, and max{|b1|,..., |bn_1|} < oo,
80 [|(bn)|lg=(ny < 0. In particular, we may consider the truncated
sequences (b,)N_; € c.(N); thus [ (bn) 5= s1lle=(ny < € as needed.

(iif) The proof is similar to (i). Define the linear maps

¢: B({1(N) — C) — £°(N)
fr—(f(en))nen

and
P: £°(N) — B(/1(N) — Q)
(an)nen — ((bn)neN — Z ﬂnbn)-
neN

We may verify ¢ o ¢ = idy~(n) and ¢ o ¢ = idp1(n)-c) as before.
We prove that ¢(f) € ¢*°(N). We have

[f((en)nen)| < [ fllopll(en)nenllay = [lfllop illcn < oo

for all (cx)uen € ¢1(N). Thus |f(es)| < ||f]lop for n € N, so that
(f(en))nen € £*°(N) as needed.
It remains to prove that ¢ is an isometry. We have

‘Z anby| < Z |an||bn|

neN neN

< @n)nenlleny 2 1al

neN

= [[(@n)nenlle= )1l (bn)nenll 2 ()

so that [[$((an)nen)llop < [[(an)nen|l=(n)- To prove the reverse in-
equality, choose m such that |a,| > [[(an)nenl|/~(n) — € and define
the sequence (b))%, = ey € (*(N). Then [(bn)nenlla(ny =1, and

‘ Y anby

neN

= lam| = (”(”n)neNHEW(N) *G)H(bn)neN”zl(N)-
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Thus ¢ is an isometry, and so ¢ is an isometry as well. In particular,
¢ is continuous, and is thus an isomorphism.

Exercise 1.5.7. Let H be a complex vector space, and define the map
T: H— H*
g§— (= 8n

We prove that T is an isomorphism; that is, it is linear, invertible, and
an isometry. We have

T@E+h)=T(g+h) =(-,g+hn= (-8 u+(—hu="TEg) +T(h)

and
T(cg) = T(eg) = (= c8)n = ¢(=,8)n = cT(3),
which proves linearity.
To prove invertibility, we use the Hahn—-Banach theorem to see that
every element of H* is of the form (—, g)y for some g € H.
Finally, we have ||(—, ¢)ullg* = |gllg by the Cauchy-Schwarz
inequality, and

gl = (¢8> = (€24 = Igllm

as needed.
Exercise 1.5.8. Consider the map
T: LV'(X, X, 1) — LP(X, X, )"
g (fH /ngdu)-

By Theorem 1.3.16, there exists a unique § € L¥ such that A = Az,
where

Ag(f) = /ng ap;
thus T is invertible. Clearly T is linear. By Holder’s inequality, we

have | [y fgdu| < [Ifllwrligll . and so [|Tgl[(r)- < lIgll,,- Taking
f = g""~1, we see as in the proof of Theorem 1.3.16 that this yields
the equality case for Holder’s inequality, so that || Tg||(1r)- = lIgll,
as needed.

Exercise 1.5.9. We compute
IT*Allx= = lIA o Tllx= < IAlly+[ITl px—v,)
by exercise 1.5.3. Thus || T*[|g(y+—x+) < [ITllpx—v)-

Exercise 1.5.10. An m x n matrix A in C"*" may be identified with a
linear map L: C" — C™, defined by

X1 Apxy + o+ Apx
LA = .

Xn Am1x1 + -+ Ay
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Considering the diagram

(=0 (La(=),0)

(cmy = e cr )y

(—,v) —— v ——— Lai(v) —— (=, Lat(v))
we see that it suffices to prove that (La(w),v) = (w, L4 (v)) for all
v e C", we C" Since

(La(w),v) = i Ajjw;v;

j=1

H
[\15

La
1 i

W'Ms
I

and
{(w, L (v Zw]LAf Zw] ZAJIZJZ,
the result follows.

Exercise 1.5.11. Suppose T*A = 0, so that Ao T = 0. Giveny € Y,
we have y = T(x) for some x € X by surjectivity. Thus A(y) =
A(T(x)) = 0. It follows that A = 0, and so T* is injective.

If T has a dense image, then given y € Y, we have a sequence
(Yn)nen C Y converging to y with y, = T(x,) by surjectivity. Then
continuity of A and T implies that

My) = Jim Aly) = Jim A(T() = MT(x) =0.

Exercise 1.5.12. Let Y C X be a subspace of a Hilbert space X, and
let A € Y* with [[A|lop = 1. If Y is not closed, we may extend A to the
closure Y by continuity. It is easy to check that the operator norm
is preserved. Thus we may assume without loss of generality that
Y is closed. By exercise 1.4.7, Y is a Hilbert space. We may then
apply the Riesz representation theorem to obtain unique y € Y with
A = (—,y)y. We claim that A := (—,y)x is our desired extension.
Clearly this gives a continuous extension of A. We verify that the
operator norm is preserved. By the Cauchy-Schwarz inequality, we
have

[y < lxllvllylly
for x € Y; this is an equality iff x = y. Since this bound holds for
(—,y)x as well, we see that
IAllxe = (= y)xllx- = Iyllx = llylly = 1= v ly- = 1Ay =1

as needed.

Exercise 1.5.13. Note that T being bounded from below implies that
it is injective, since then || Tx|| = 0 implies ||x|| = 0. Let A € X*. We
must find w € Y* for which T*@ = A. We begin by defining

w: imT — C

Tx — Ax.
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This map is well-defined by injectivity of T. Linearity is easy to verify.
Since T is bounded from below, we compute

1A []x+

[Ax] < Al flxllx < F= == Txllys < co.

Therefore

1ALl
C

|wllop < < o,

and so w is continuous. By the Hahn-Banach theorem, we may extend
w: imT — C to a continuous map w: Y — C, so that w € Y*. Then

T"W=woT=woT=A,

as needed.
It is not enough to suppose that T is injective. Consider for example

T: co(N) — co(N)
(an)neN > (an/n)nen.
It has transpose
T*: (Y(N) — (}(N)
(an)nen — (T(an))nen;

since Y ,en @anT(bn) = T(X,en anbn) = Lpen T(an)by, we have:

((bn)neN = Y neN anbn) ’ ((bn)neN = Y neN “nT(bn))

co(N)* % ¢o(N)*
(@n)neN (H(N) - H(N) (T(an))nen
Since Y_,en 1/n = o0 and ¥ ,,cn 1/12% < o0, we see that (1/n2),en
is not in the image of T*, and so T* is not surjective.

Exercise 1.5.14. Define A: span{x} — C by A(cx) = c||x|[x. Then
Mx) = |lx]lx, and [e|lx][x| = [ellx]x = llcx], so that [[Aop = 1.
Linearity is easy to verify. Thus the Hahn-Banach theorem gives us
an extension A: X — C of A, with ||7L\|0p = [[Allop = 1. It follows that
A € X* as needed.

Remark. Let 1: X — (X*)* be defined by x — i(x) := (A — A(x)). We
show that [|||op < 1. Indeed, when we regard i(x): X* — C as the
operator, we see that

A)] = [e(x) ()] < [e€x) | o) [[A ] -
for all A € X*. When we treat A: X — C as the operator, we see that
M| < (A llxllx = [l x 1A ][
for all x € X. Therefore, we have
()l )+ < llxllx

for all x € X, and so [|¢[lop < 1 as needed.
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Exercise 1.5.15. (i) Suppose (Ay)nen C Y+ C X* is a sequence of
elements converging to A € X*. Then

forall n € N and y € Y. Since ((y) is continuous, we see that
AMy) = i(y)(A) =0forally € Y,and so A € Y as needed. Now we
prove that

Y={xeX:A(x)=0forall A € Y*}.

(Here Y denotes the closure of Y.) Suppose y € Y, so that y, — y
for some sequence (yn)uen C Y. Then, given A € Y+, we have
A(y) = limy, 00 A(yn) = 0 as needed. Conversely, ...

(ii) Suppose Y= is trivial. By (i), Y = X, and so Y is dense. The
converse is similar. If Y is trivial, then clearly Y+ = X*. If Y is
non-trivial, then we may use the Hahn-Banach theorem to produce a
functional A € X* that is non-zero at some non-zero element y € Y,
so that Y+ # X*.

(iii) . ..

(iv) ...

Exercise 1.5.16.
Exercise 1.5.17.
Exercise 1.5.18.
Exercise 1.5.19.

Exercise 1.5.20.

Ask whatever questions you please, but do not ask me for reasons.
A young woman may be forgiven for not being able to give reasons,
since they say she lives in her feelings. Not so with me.

I generally have so many reasons,

and most often such mutually contradictory reasons,

that for this reason it is impossible for me to give reasons.

— SOREN KIERKEGAARD, Either/Or I (1843)
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2.4. Well-ordered sets, ordinals, and Zorn's lemma

Exercise 2.4.1. Let S C X be the set of elements of X such that
P(x) = FALSE. We prove that S is empty. Indeed, if S were non-empty,
then we may use the well-ordering principle to obtain a minimal
element s € S. Then P(x) = TRUE whenever x < s (since any x < s
with P(x) = FALSE would violate the minimality of s). By strong
induction, it follows that P(s) = TRUE, a contradiction.

Let X be a totally ordered set satisfying the principle of strong
induction, and let A C X be non-empty. Let Ly .= {a € A:a < x},
and define a proposition P(x) that is true iff L, is either empty or has
a least element. Fix x € X, and suppose P(y) is true for all y < x;
we prove that P(x) holds. First suppose x ¢ A. Then Ly = U, Ly.
Either all the L, in the union are empty, in which case L, is empty
and P(x) holds, or there exists y < x with L, non-empty. In this case,
since P(y) holds by hypothesis, L, has a least element z. We claim
that z is the least element of L,. Indeed, suppose for contradiction
that z/ € L, satisfies 2/ < z. Then z/ € A with z/ < z < a for all
a € Ly thusz’ € Ly, and so z < 2/, a contradiction.

Now suppose x € A. Then Ly = U, ., Ly U {x}. If all the sets L,
in the union are empty, then Ly = {x}, and x is its least element;
otherwise the above argument works as before, since x is greater than
every element of Uy, Ly.

Therefore, strong induction implies that P(x) holds for x € X. In
particular, since A = J,c4 La, we may argue as above to see that A
has a least element as needed. (Surely there is a simpler argument?)

Exercise 2.4.2. At most one condition can be satisfied, as if x = succy
for some y, then sup([min(X), x)) = sup([min(X),y]) =y # x. Now
we argue that at least one condition must be satisfied. Suppose that
x # sup([min(X),x)). We prove that x = succ(sup([min(X), x))).
Indeed, since

succ(sup([min(X), x))) := min((sup([min(X), x)), +-o0]),

it suffices to prove that (i) x € (sup([min(X), x)), +oo] and (ii) x <y
for all y € (sup([min(X), x)), +-o0]. Since x # sup(|min(X),x)) and
since x is an upper bound for [min(X), x), (i) follows. If x > y, then
y € [min(X),x). Therefore y < sup(|min(X),x)), and so we have
y & (sup([min(X),x)), +oo]. This proves (ii), and we are done.

Exercise 2.4.3. Suppose x # y; WLOG x < y. We prove that
min((x, 4+c0]) < min((y, +o0]).
Indeed, since y € (x,+00| 2 (y, +0o0], we have

min((x, +c0]) <y < min((y, +0]).

Exercise 2.4.4. Let F be the set of all x € X for which P(x) is false.

If F is empty, we are done, so assume it is non-empty and let m =
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min(F) € F be its minimal element. By exercise 2.4.2, there are two
cases to consider.

Limit case. m = sup([min(X),m)). In this case, P(y) is true for
all y < m by minimality of m. Thus the limit case hypothesis for
transfinite induction implies that P(m) is true, a contradiction.

Successor case. m = succ x for some x € X. In this case, m > x and
so P(x) is true. The successor case hypothesis in transfinite induction
implies that P(m) = P(succx) is true, a contradiction.

In either case we obtain a contradiction; thus F must be empty.

Exercise 2.4.5. Let [ be an initial segment of X, and consider its
complement X \ I. If X\ I is empty, then I = X = [min(X), +00).
Otherwise, X \ I is non-empty and contains a minimal element m. We
claim that I = [min(X),m). If x € [ with x > m, then m € I since I is
an initial segment, so x € I implies x < m; thus I C [min(X), m). If
x < m then by minimality we have x € I. Thus [min(X),m) C I, and
we have proven existence.

Uniqueness of m follows from the fact that if m # m’, say m < n?/,
then [min(X),m) C [min(X),m’), since m is only contained in the

latter set.

Exercise 2.4.6. Consider a family (Iy),c of initial segments of X,
where we have [, = [min(X),«) using exercise 2.4.5 (we discard
duplicate sets). We prove that

U I = | Imin(X),a) = [min(X), sup(A)).

k€A x€A
The forward inclusion C is just the fact that « < sup(A) for « € A.
The reverse inclusion O follows from the fact that x < sup(A) implies
x < a for some « € A, since sup(A) is the least upper bound of A.

Similarly, we have Nyca Ix = [min(X), min(A)), which can be

proven by considering N, I = X\ (Ux(X\ Ln)) = X\ (U, +00])
and working as before.

Exercise 2.4.7. By strict monotonicity, we have ¢([min(X),«a)) C
[min(Y),$(x)). Suppose for contradiction that ¢([min(X),a)) #
[min(Y), ¢(«)). Then there exists y < ¢(a) such that y # ¢(x) for any
x < a. However, since ¢(X) is an initial segment of Y, we must have
y = ¢(x) for some x € [w, +o0), contradicting strict monotonicity.

Therefore both ¢([min(X), x)) and ¢([min(X),succx)) are initial
segments of Y; since

min(Y), $(x)) U {succp(x)} = [min(Y), p(succx)),
it follows that ¢(succx) = succ ¢(x).

Exercise 2.4.8. Let ¢: X — Y be a monotone bijection. Then ¢(X) =Y
is an initial segment of Y, and so ¢ is a morphism; we argue similarly
for ¢~1. Conversely, given morphisms ¢: X — Y and ¢: ¥ — X,
uniqueness guarantees that ¢ o ¢y = idy and ¢ o ¢ = idx (morphisms
respect composition by exercise 2.4.7). Since morphisms are monotone,
we are done.
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Exercise 2.4.9. Let « be the intersection of all ordinals in F (this might
be illegal actually). This is a subset of all ordinals in F. We can also
see from the definition that the intersection of ordinals is an ordinal.

Exercise 2.4.10. This should be proven analogously to the correspond-
ing result for well-ordered sets, by considering the least ordinal & for
which P fails.

Exercise 2.4.11. Let S be a non-empty set, and fix s € S. Consider the
set of well-ordered subsets of S with minimal element s; we may equip
this set with a partial order A < B if A C B and if the well orders are
compatible (that is, if X C A C B, then min X is the same in A and B).
Then every chain has an upper bound formed by taking the union,
and thus Zorn’s lemma implies the existence of a maximal element
M. If this were not the full set S we may extend it by appending an
element of S\ M and declaring it to be larger than all elements of M.
Thus M = S and we obtain a well-orderering of S, as needed.

Exercise 2.4.12.
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1.6. A quick review of point-set topology

From a five-year-old child to me is only a step.

From the new-born baby to the five-year-old child there is a terrible gap.
From the embryo to the new-born baby there is an abyss.

And from non-existence to the embryo there is not an abyss,

but incomprehensibility.

— Leo N. TorsToy, First Recollections (1878)

Exercise 1.6.1. (i) Suppose x; — x, and let U be an open neighbor-
hood containing x. Then x € B(x,e) C U for some € > 0, and so we
may choose N for which d(x,, x) < € whenever n > N; thus x, € U
whenever n > N as needed. Conversely, we obtain the standard
definition by considering only the open neighborhoods B(x, €).

(if) Suppose x has an open neighborhood U disjoint from E. Then,
in particular, there exists € > 0 such that B(x,€) is disjoint from E.
Thus x is not the limit of any sequence of points in E. Conversely,
for each n, the open neighborhood B(x,1/n) intersects E; let x,, be a
point of this intersection. It is easy to see that x,, — x.

(iii) Suppose E is closed, and let x € X \ E. Then x is not an
adherent point of E by definition, and so by (ii) it follows that there
exists an open neighborhood x € U C X\ E; thus X \ E is open.
Conversely, if X \ E is open, then, given an adherent point x of E, we
see that every open neighborhood of x intersects E. Thus x cannot
belong to X \ E, and so E contains all of its adherent points as needed.

(iv) Denote by (K the intersection of all closed sets containing
E. Then NK is closed, and we have K C E. Let K be a closed set
containing E. We prove that E C K. Indeed, given an adherent point
x of E, it is by definition the limit of a sequence in E, which is in turn
the limit of a sequence in K. Thus x € K = K as needed.

(v) Suppose E is dense. Then, given a non-empty open set U, it
contains some point p, which is necessarily an adherent point of E.
Thus x,, — p for some sequence in E; since U is open, it contains all
xy for sufficiently large n. Thus U intersects E. Conversely, let x € X.
Then B(x,1/n) contains a point x, € E. Clearly x, — x; thus x is an
adherent point of E.

(vi) Denote by |J U the union of all open sets contained in E. Then
U U is open, and we have E° C |JU. Let U be an open set contained
in E. We prove that U C E°. Indeed, given p € U, it is an interior
point of U, and so it is contained in an open ball B contained in U.
This open ball is contained in E, and so p is an interior point of E;
that is, p € E° as needed.

If x is an interior point of E, then there is an open ball contain-
ing x that is contained in E. Conversely, if x € U C E for some
neighborhood of x, then x € B C U C E for some open ball B as
needed.

Exercise 1.6.2. This is a standard construction; since I've already
worked through it for Hilbert spaces, I will not repeat myself here.



245B SOLUTIONS (HO BOON SUAN)

Exercise 1.6.3. Suppose X is complete, and suppose X C Y. Then, if
(xy) is a convergent sequence in X, it is Cauchy, and thus converges
to a limit in X by completeness. Uniqueness of limits thus shows that
X is closed as needed.

Conversely, if X is closed in every superspace Y of X, it is in
particular closed in its completion X. Since it is dense as a subspace
of its completion, we see that X = X, and so X is complete.

Exercise 1.6.4. Suppose X is totally bounded. Then, there exists a
covering of X by n balls of radius 1, with centers xq,...,x,. Let
D = max;;d(x;,x;); say d(xi,x;) = D attains this maximum. Then
X C B(x,D+1), since, given x € X, we have d(x,x;) < 1 for
some i, and d(x;,xx) < D, so the triangle inequality implies that
d(x,x) < D+ 1 as needed.

Suppose X C R? is bounded. Then X C B(0, M) for some M. We

prove that B(0, M) may be covered by finitely many balls of radius e.

It suffices to cover [—M, M]? by finitely many balls of radius e. Form
a finite lattice

L= {(nle/\/ﬁ,...,nde/\/a) e-MM*:n € Z}.

Place balls of radius € at each point of £; this covers X as needed.
Consider Z with the discrete metric. Then Z C B(0, 1), but given
€ < 1, we have B(n,e) = {n}, and so there cannot be any finite cover

of Z by balls of radius e.

Exercise 1.6.5. (i) implies (ii). Let € > 0, and use (i) to obtain 6 > 0.

Then there exists N such that dx(x,,x) < § whenever n > N; thus
dy(f(xn), f(x)) < e forn > N as needed.

(ii) implies (iii). Suppose for contradiction that x € f~1(V) is
such that Bex ¢ f~1(V) for all € > 0. For each n, choose a point

Xn € Byyu(x)\ f71(V). Then x, — x, and so f(x,) — f(x) by (ii).

But f(x,) ¢ V for all n, and so x is not an interior point of V. Thus
V is not open, a contradiction.

(iii) is equivalent to (iv). The equivalence follows from how X \
F1(S) = fY(Y\S), and that the complement of an open set is
closed (and vice versa).

(iii) implies (i). Let x € X and € > 0. Then f~!B.fx is open by
(iii), so Bsx C f~!B.fx for some . Thus dy(fx/, fx) < e whenever
dx(x',x) < &, as needed.

Exercise 1.6.6. Suppose f @ g: X — Y x Z is continuous. Then f
is continuous, since if x, — x, then (fx,,gx,) — (fx,gx); thus
fxn — fx. Similarly we see that g is continuous. (Recall that Y x
Z is equipped with the product metric dy x dz((y,z),(y,2')) =
max(dy(y,y'),dz(z,2")).) The converse is similar. Finally, we show

that the projection 7ty : Y X Z — Y is continuous. If (y,,z,) — (y,2),

then max(dy (yu,y),dz(zn,z)) — 0. In particular, dy(y,,y) — 0, and
we are done.

Exercise 1.6.7. Let K C X be compact, and let (Uy),c4 be an open
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cover for f(K). Then (f~!(Uy))aeca is an open cover for K, and thus
admits a finite subcover (f~!(Uy,;))1<i<n- Therefore (Uy,)1<i<y is a
finite subcover of (Uy)yca as needed.

Exercise 1.6.8. The only hard implication is (iii) = (i). Suppose
Xy #* x. Then, there exists open U > x such that, for every N, there
exists n > N with x, > U. This yields a subsequence x,, that lies
outside U; none of its subsequences can converge to x as a result.

Exercise 1.6.9. Suppose x, € E with x,, — x. Then, given open U > x,
we have x, € U for some n by definition of convergence; thus U
intersects E as needed.

Suppose f: X — Y is continuous, and x, — x. Then, given open
V C Y such that f(x) € V, we see that f~!(V) is open, and so there
exists N such that x, € f~!(V) whenever n > N. It follows that
f(xy) € V whenever n > N, as needed.

Exercise 1.6.10. The first uncountable ordinal w; can be endowed
with the order topology to form a topological space; it is often written
wy = [0,wq). Consider a sequence («,) in [0, w7). Then & = |, & is
a countable union of countable ordinals, and thus itself belongs to
[0, wq). Since this is the lim sup of («,), we may find a subsequence
converging to «. Thus [0, w,) is sequentially compact.

The open cover {[0,&) : « < wy} has no finite subcover. Thus
[0, wy ) is not compact.

Exercise 1.6.11. Given a # b, say a < b, we have the disjoint neigh-
borhoods [4,b) and [b,b + 1) of a and b respectively; thus R with the
half-open topology is Hausdorff. Suppose for contradiction that the
half-open topology is metrizable. Then (R, F;) is separable since Q
is dense. Suppose we had a countable set of basis elements [a;, b;).
Then, given x # a;, the set [x, x + 1) is not the union any collection
of the sets [a;,b;); thus we do not have secound countability. Since
second countability is equivalent to separability in metric spaces, this
gives the claim.

Exercise 1.6.12. Suppose for contradiction that (x,),eN is a sequence
in a Hausdorff space converging to distinct limits x # y; choose
disjoint neighborhoods V; and Vj, of x and y. Then for sulfficiently
large n, x, € Vyx NV}, which is absurd.

Exercise 1.6.13. Suppose x is adherent to E, and consider the net
(xu)uen(x), where (N(x), D) is the directed set of neighborhoods of
x ordered by reverse set inclusion, and xy; is an element of E N U.
This net is in E, and it converges to x, since given a neighborhood V
of x, we have x;; € V whenever U C V. Conversely, let (x4),c4 be a
net in E that converges to x, and let V be a neighborhood of x. Then
x, € V for sufficiently large a. Since x, € E, it follows that VN E is
non-empty and so x is adherent to E as needed.

Exercise 1.6.14. Let f: X — Y be continuous, and let (x4)sca be a
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net in X converging to a limit x € X. Then, given a neighborhood V
of f(x), continuity gives us an open set U > x with f(U) C V. By
convergence of (x4)yec4, We have x, € U for sufficiently large «. Thus
f(xa) € V for sufficiently large &, so that (f(xa))seca converges to
f(x).

Conversely, suppose f is discontinuous, and let V C Y be open
with f~1(V) C X not open. Let x be a non-interior point of f~1(V),
and for each neighborhood U of x, choose x;; € U\ f~'(V). Then
(xu)uen(x) 18 a net converging to x, since given a neighborhood W of
x, we have x;; € W whenever U C W. Thus (f(xu))yen(x) converges
to f(x) by hypothesis. In particular, there exists W € N(x) such that
f(xy) € V whenever U C W, and so f(xw) € V. But this is absurd,
since xy € f~1(V) by definition. Therefore f is continuous.

Exercise 1.6.15. [I learned the following from https://ncatlab.org/
nlab/show/compact+spaces+equivalently+have+converging+subnet+
of+every+net. Here I have rewritten it for my own learning.]

Suppose X is compact, and let (xy)4ca be a netin X. Given a € A,
we define the sets3 aT := {xg € X: B> ua} C X. Since A is a directed
set, (a!),e 4 satisfies the finite intersection property (FIP). Thus the
collection of closures (07)0‘6 A has the FIP as well, and so compactness
gives us an element x € (e a.

We will construct a subnet (x4g))pep Of (Xa)aca that converges to
x. We define the directed set

B:={(a,U):x, €U} CAXN(x)=(A,<)x(N(x),D),

where the preorder is given by (a, U) < («/,U’) iffa < a’and U D U'.

Let us prove that B is a directed set. If we are given (a,U) and
(a/,U’), we may find an upper bound &’ > «,a’ in the directed set
A. Since x € Nyea at, the neighborhood U NU’ of x intersects at
and thus* intersects aT. Tt follows that there exists 8 > &’ such that
xg € UNU'. Therefore, (8, U NU') is our desired upper bound.

Now we may define ¢: B — A by ¢((«,U)) := a. Clearly this is a
monotone map, and since it is surjective, it has cofinal image. This
completes the construction of the subnet. It remains to prove that
(xp(p))pep converges to x. Let U be a neighborhood of x. Then U
intersects some a! as before, and so xge U for some § > a. Thus, if
(B, V) > (B,U), then xy € V C U as needed.

We now prove the other implication. Suppose that X is not compact.
We will construct a net in X with no convergent subnet. By the FIP
formulation of compactness, there exists a collection of closed subsets
(Ci)ier of X that has non-empty finite intersections but has empty
intersection N;c; C; = @. Let Fin(I) be the set of finite subsets of I.
Then, for each | € Fin(I), we may choose some x; € N;cjc; C;. This
defines a net (x])jcpin(1), since (Fin(I), C) is a directed set. Suppose
for contradiction that this net has a convergent subnet (x¢(5)) peB
with ¢: B — Fin(I) monotone and cofinal; say this subnet converges
to x € X. Since N;c; C; = O, there exists iy € I such that x € C; .
Since C;_ is closed, there exists an open neighborhood U of x that

3 Strictly speaking, the notation a' tends
to be reserved for the upward closure
{BeA:B>a}ofa.

4If U is open and C is closed, then
UNC # @ implies UNC° # &, where
C° is the interior of C. This follows from
the fact that the interior of a finite inter-
section is equal to the finite intersection
of interiors: (AN B)° = A° N B°.


https://ncatlab.org/nlab/show/compact+spaces+equivalently+have+converging+subnet+of+every+net
https://ncatlab.org/nlab/show/compact+spaces+equivalently+have+converging+subnet+of+every+net
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is disjoint from C; . Thus x; ¢ U for all {iy} C J € Fin(I). Now,
since ¢ is cofinal, there exists p € B such that {ix} C ¢(B). Since
(xp(p))pep converges, there exists p such that x,(,) € U whenever
a > p'. Taking an upper bound p" > B, B/, we see that x, ) € U
and {ix} C ¢(B') C ¢(B"). But the latter implies that x,pr) & U,
which gives the desired contradiction and completes the proof.

Exercise 1.6.16. Let X be Hausdorff and suppose for contradiction
that (x4)sca is a net that converges to distinct limits x # x’. Then,
there exists B € A such that for every neighborhood V of x, we have
xy € V whenever « > B, and similarly there exists ' € A such that
for every neighborhood V' of x’, we have x, € V' whenever « > .
Let f” be an upper bound for § and f/, and let V 5 x and V' > x’ be
disjoint open sets. Then x, € VNV’ = & whenever « > ", which is
absurd.

Conversely, suppose X is not Hausdorff, and let x # y be distinct
inseparable points. Then we may define a net (x(y,v)) (u,v)eN(x) < N(y)
by choosing a point x(;; ) € UNV; one may verify that this net
converges to both x and y.

Exercise 1.6.17.
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1.7. The Baire category theorem
and its Banach space consequences

Je continue a étre peu brillant,

a suivre une courbe infiniment sinueuse,
sans dérivée peut-étre,

mais peu importe.

— RENE BAIRE, letter to Emile Borel (1902)

Exercise 1.7.1. Given a sequence (Uy,),en of open dense sets, we
have N, U, = X\ U, (X \ U,) by De Morgan’s identity. Each set
X\ Uy is closed and nowhere dense. Indeed, if X \ U, had nonempty
interior, then it contains an open ball B; thus U, does not contain
B, contradicting density. Thus the Baire category theorem implies
that |J,,(X \ By;) contains no balls as needed. Now, if a set S is not
dense, then S # X, so X \ S is open, and thus contains a ball. Since
X\ S C X\§, it follows that X \ S contains a ball. In particular, we
may conclude that (), U, is dense as needed. The converse is proven
similarly.

Exercise 1.7.2. Recall that one of the formulations of density in a
metric space is as follows: S is said to be dense in B if for every y € B
and € > 0, the intersection B(y,€) NS is non-empty.

Given x € X, the set {x} is nowhere dense. Indeed, if {x} were
dense in a ball B, then, given y € B, if y # x, then setting € := d(x,y)
shows that the intersection B(y, €) N {x} is empty; thus we must have
B = {x}, which implies that x is isolated.

Thus X = Uyex{x} cannot contain a ball by the Baire category
theorem, which is absurd.

Exercise 1.7.3. [I could not solve this problem. I have nothing to add
to the fantastic solution given at https://math.stackexchange.com/
a/466343/.]

Exercise 1.7.4.
Exercise 1.7.5.
Exercise 1.7.6.
Exercise 1.7.7.
Exercise 1.7.8.
Exercise 1.7.9.

Exercise 1.7.10.


https://math.stackexchange.com/a/466343/
https://math.stackexchange.com/a/466343/
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1.8. Compactness in topological spaces

Now compactness is a topological property, so to use it,

you really should say explicitly what the topological space is,

and what the open and closed sets are. But mathematicians rarely,

if ever, do that. In fact, they usually don’t specify anything at all about
the setting; they just say “by the usual compactness argument” and
move on. That's great for experts, but not so great for beginners.

— JEFFREY SHALLIT (2013)

Exercise 1.8.1. Given an open cover (Uy)yea Of a finite set X =
{x1,..., x4}, for each 1 < i < n we may choose Uy, containing x;, so
that (Uy, )1<i<y is a finite subcover.

Let Uj<i<y, K; be a finite union of compact subsets of a topological
space X, and let (Uy)qca be an open cover of U;<;<, K;. Then, for
each 1 < i < n, (Uy)xen covers K;, and so compactness gives us a
finite subcover (U, ;)1<j<n,- Taking these covers together, we obtain a

Let f: K — Y be a continuous map from a compact space K to
an arbitrary topological space Y. Suppose we are given an open
cover (Uy)aea for f(K). Then, by continuity, (f~1(Uy))sca is an
open cover for K; thus we obtain a finite subcover (f~!(Uy,))1<ij<n by
compactness. It follows that (U, )1<j<j, is our desired finite subcover
for f(K).

Now we prove the corresponding results for sequential compact-
ness. Suppose X is a finite set, and consider a sequence (x,);eN-
The pigeonhole principle tells us that there is a constant subsequence
(x4, )ieN; it is thus convergent and we are done.

Let (x)nen be a sequence in J;<j<, K;. Then the pigeonhole
principle gives us a subsequence that is completely contained in one
of the K;; we may use the sequential compactness of K; to pass to a
convergent subsequence as needed.

Let f: K — Y be a continuous map from a sequentially compact
space K to an arbitrary topological space Y, and consider a sequence
(Yn)nen in f(K). By the axiom of countable choice, we may choose
a sequence (xy)ueN such that f(x,) = y,. We may then pass to a
convergent subsequence (X, )icN; continuity implies that (v, )ieN is
convergent as needed.

Exercise 1.8.2. Let C C X be a closed subset of a compact space X,
and let (Uy) e 4 be an open cover for C. Then (Uy )qea U{X \ C} isan
open cover for X; thus we have a finite subcover (Uy,)1<i<n, perhaps
including X \ C, of X. It follows that (Uy, )1<i<, is our desired finite
subcover.

Any open cover in (X, F') is also an open cover in (X, F); thus we
may pass to a finite subcover by compactness in (X, F).

The empty set always has the empty subcover. Given a non-empty
set A C X, where X is equipped with the trivial topology, any open
cover of A must contain the open set X; then { X} is our desired finite
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subcover for A.

Exercise 1.8.3. Let K C X be a compact subset of a Hausdorff space
X, and suppose x ¢ K. Then, for each y € K there exist disjoint
open sets Vy, > x and V;» 3 y; thus (Vyx)yek is an open cover
for K and we may obtain a finite subcover (Vy,x)1<i<n; it follows
that Uj<j<p, Vi, x O Kand MN1<j<, Viy, 2 x are disjoint open sets; in
particular, (;<;<, Vxy, is an open neighborhood of x disjoint from K.
Thus x is not an adherent point of K; it follows that K is closed as
needed.

Stronger topologies have more open sets; in particular they contain
all the open sets guaranteed by the Hausdorff axiom in the original
topology and so they must also be Hausdorff.

In the discrete topology, given x # y, the sets {x} and {y} are
disjoint open sets as needed.

Exercise 1.8.4. Fix a filter p and consider the set of all filters containing
p ordered by inclusion; this set is non-empty as it contains p, and
every chain has an upper bound given by its union, which is easily
verified to also be a filter. Thus, Zorn’s lemma gives us a maximal
element p’. Notice that p’ is non-empty, since either p is non-empty,
or p is empty, in which case {X} is a filter on X. Thus we must have
X € p'. Suppose E C X issuch that E ¢ p’ and X \ E ¢ p/, so that E
is non-empty. Then we may define

p’=p U{ANE:Acp'}U{B: ANECBC X for some A’ € p'}.

We claim that this is a filter strictly larger than p’. We have closure
under finite intersection by considering six cases (i,j) with 1 <i <
j <3, depending on which of the three sets in the union to which the
sets we are considering belong; for example, in case (1,3), if A € p’
and B D A'NE, then (ANA")NE C ANB,and so ANB € p” by
monotonicity. In case (2,3),if A, A’ € p’ sothat ANE € p” and B D
A'NE, then (ANA')NE C (AANE)NB,andso (A'NE)NB € p”
by monotonicity. In case (3,3), if A’, A” € p’ so that A’NE C B’ and
A"NE C B”, then (AN A”")NE C B C B”,and so B NB" € p”
by monotonicity. Monotonicity of p” is straightforward from our
definition of p”. Finally, if @ € p”, then ANE = & for some A € p/,
so that A C X'\ E. Monotonicity then implies X \ E € p’, contradicting

our hypotheses. Thus, we obtain a contradiction to the maximality of
/

p.

Similarly, if E € p’ and X \ E € p/, then their intersection & also
lies in p’, a contradiction. It follows that every set E C X is such that
exactly one of E and X \ E lies in p/, and so p’ is an ultrafilter, as
needed.

Exercise 1.8.5. By definition, any filter satisfies the finite intersection
property. Conversely, given a collection C C 2% of subsets of X satis-
fying the finite intersection property, then clearly C does not contain
the empty set. We define p .= {A:C C A C X for some C € C}; itis
easy to see that p is a filter containing C.
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Exercise 1.8.6. Suppose X is Hausdorff, and suppose p is an ultrafilter
converging to distinct points x and y. Then we have disjoint open sets
Vi 3 xand Vy, > y with V,, V,, € p; it follows that & =V, NV, € p, a
contradiction.

Conversely, suppose X is not Hausdorff, so that there exist points
x and y that cannot be separated by open sets. Thus every neigh-
borhood of x is a neighborhood of y, and vice versa — every finite
intersection of such neighborhoods contains x and y, and so the set of
neighborhoods of x and y satisfies the finite intersection property. By
exercise 1.8.5, this set is contained in an ultrafilter p; thus p converges
to both x and y as needed.

Exercise 1.8.7. Suppose X is compact, and consider an ultrafilter p on
X.Letp:={A: A € p}. Then p is a collection of closed sets satisfying
the finite intersection property, and thus compactness guarantees
that the intersection (7 is nonempty. Let x € (7, and consider a
neighborhood U of x. If X\ U = X\ U € p,thenx e Np C X\ U,
which is absurd. Thus U € p as needed, and we conclude that p

converges to x as needed.

Conversely, suppose X is not compact, and let C be a collection of
closed subsets of X satisfying the finite intersection property such that
NC = @. By exercise 1.8.5, C is contained in an ultrafilter p. Suppose
for contradiction that x is a limit of p, so that every neighborhood
U of x is contained in p. In particular, given C € C, if x ¢ C, the
set X \ C would be an open neighborhood of x, and so X \ C and C
would both belong to p, contradicting the fact that p is an ultrafilter.
Thus x € C for all C € C, contradicting the fact that (C = &. This
completes the proof.

Exercise 1.8.8. Suppose B is a base for a topology F. Then B covers
X, since X is open and thus may be expressed as a union of open sets
in B. Let x € X, and let U, V € B be basic open neighborhoods of x.
Then U NV is open and thus may be expressed as a union |J, B, of
basic open sets. Since U NV contains x, it follows thatx € B, C UNV
for some « as needed.

Conversely, suppose B is a collection of subsets of X that covers X
and satisfies the property given in the exercise. Then we may define
the topology F as the collection of all unions of basic open sets of B.
The empty union gives the empty set, so @ € F. The basic open sets
cover X by hypothesis, so X € F. The union of a union remains a
union, so F is closed under arbitrary unions. Finally, since

<zxLeJA B"‘) " (a’LeJA’ B"‘/) - (a,a’)LEJAXA’ BB

and since the intersection of two basic open sets is itself a union of
basic open sets of the property given in the exercise, it follows that F
is closed under finite intersection and is thus a topology as needed.

Exercise 1.8.9. Suppose every basic open cover has a finite subcover,
and let (Uq)sea be an open cover for X. Write Uy = Ugea, Uy p With
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Uyp € B. Then (Uyp)aca;pea, is a basic open cover for X, and thus
admits a finite subcover (Uy, p,)1<i<n- Since Uy, g, C Uy, it follows
that (Uy, )1<i<, is our desired finite subcover.

Exercise 1.8.10. Suppose B is a subbase for (X, F). Then every
element of B is open in X by definition, and so every element of B*
is open in X as well. Since B* is closed under finite intersections, it
follows from exercise 1.8.8 that B* is a base for (X, F).

Conversely, if B* is a base for (X, F), then B C F, and so it suffices
to prove that F is the weakest topology with this property. Let U € F.
Then U = Ugecp By, where B, € B*. Thus, if the elements of B are
open, then every set U € F must be open as well. This completes the
proof.

Exercise 1.8.11. (i) Suppose that x, — x. Then, every open neigh-
borhood of x contains x, for sufficiently large n; in particular, this
holds for subbasic open neighborhoods of x. Conversely, let U be
a neighborhood of x. Then it is the union of finite intersections of
subbasic open sets. Consider the finite intersection By N --- N By in
this union that contains x. Then for sufficiently large n, x, will be
contained in each B;, and so will be contained in the finite intersection
BiN---N By C U as needed.

(ii) The forward implication is just exercise 1.6.1(ii). For the reverse
implication, suppose every basic open neighborhood of x intersects
E. Then every neighborhood of x intersects E, and the result again
follows from exercise 1.6.1(ii). The result fails for subbases, however.
Consider R with the usual topology, which is generated by the sub-
base consisting of sets of the form (—oo,a) and (b, +c0) for a,b € R.
Every subbasic open neighborhood of 0 then intersects N \ {0}, but 0
is not an adherent point of this set.

(iiif) Suppose x is in the interior of U. Then x € V C U for some
open set V. The set V is the union of basic open sets, and so one of
these basic open sets contains x as needed. Conversely, suppose U
contains a basic open neighborhood B of x. Then B is itself open, and
so x is contained in the interior of U. The result fails for subbases —
consider R with subbase as in (ii), with 0 € (—1,1).

(iv) Suppose the inverse image of every subbasic open set is open,
and let U C X be an open set. Then U = {Jyc4 By, and f~1(U) =
F Y (Uwea Bx) = Unea f1(By). The result then follows from the fact
that the union of open sets is open.

Exercise 1.8.12. Suppose X is not compact. By exercise 1.8.7, there
exists an ultrafilter p with no limits. Then, given x € X, there exists
some neighborhood U of x with U ¢ p. It follows that x € U, C U
for some basic open set Uy, and monotonicity implies that U, ¢ p.
The set U, is a finite intersection By1 M --- N By of subbasic open
sets. Since p is closed under finite intersections, one of these subbasic
open sets is not in p, say By = B, ;. Thus we have an subbasic open
cover (By)xcx for X. Suppose for contradiction that this cover admits
a finite subcover By, U - - - U By,. Since each By, is not in p, it follows
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that their union is not in p as well; that is, X ¢ p, contradicting the
fact that p is an ultrafilter. This completes the proof.

Exercise 1.8.13. Consider the subbase for the usual topology on [0, 1]
consisting of sets of the form [0, 4) or (b,1], where 0 < a,b < 1. By the
Alexander subbase theorem, it suffices to prove that every subbasic
open cover of [0, 1] admits a finite subcover. Any such cover is of the
form

[0,1] = ([J[0,a) U | (b,1] = [0,sup A) U (inf B, 1],
aceA beB

where A,B C [0,1] are non-empty. Thus sup A > infB, and so
supA >a > b > infB for some a € A and b € B. It follows that
[0,1] = [0,a) U (b, 1] is our desired finite subcover.

Exercise 1.8.14. We first prove that X is Hausdorff. Let y < zin X. If
y < w < z for some w € X, then the sets {x : x < w} and {x:x > w}
are open and separate y and z. Otherwise, the sets {x : x < z} and
{x :x >y} are disjoint and thus separate y and z.

Suppose X has no maximal element. Then ({x : x < a})sex is
a subbasic open cover of X, since every element x € X is smaller
than some a € X by hypothesis. If this cover has a finite subcover,
say {x : x < m}U---U{x:x < a}, then maxj<;<a; would be a
maximal element for X, a contradiction. Therefore, by the Alexander
subbase theorem, X is not compact.

Conversely, suppose X has a maximal element m. Then, given
any subset A C X, we may take the supremum sup A (since X is
well-ordered).> We have sup A < m, and so sup A € X. (On the other
hand, we always have inf A € X, since we always have the minimal
element min(X) in well-ordered sets X.) Just like in exercise 1.8.13,
any subbasic open cover of X is of the form

X=J{reX:x<a}U|J{xeX:x>b}
acA beB

for some subsets A, B C X. Crucially, B is non-empty since if it were,
we would have m ¢ X. Similarly, A is non-empty since if it were, we
would have min(X) ¢ X. We can rewrite the cover as

X={xeX:x<supA}U{x e X:x>minB};

thus supA > minB and supA > a > b > minB for some a € A
and b € B. It follows that {x € X : x < a}U{x € B:x > b} is
our desired finite subcover, and thus X is compact by the Alexander
subbase theorem.

Exercise 1.8.15. Let X and Y be Hausdorff spaces, and let (x,y), (x', /)
X x Y be distinct points; say x # x’. Then there exist disjoint open
sets Vy, V,y C X with x € Vy and x’ € V.. It follows that V, x Y and
Vy x Y are disjoint open neighborhoods of (x,y) and (x’,y’), which
gives the claim. (The argument works the same way when y # y'.)

5 Recall that in well-ordered sets,

supA:=min{x € X:x >aforalla € A}.
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Exercise 1.8.16. Let X and Y be sequentially compact spaces, and let
(Xn, Yn)nenN be a sequence in X x Y. We may choose a convergent
subsequence x,, — x of (x;)n,en. Then, we may choose a convergent
subsequence yy, — y of (Yn, Jken- Then (xnkl,ynkl )ieN converges to
(x,y) as needed.

Exercise 1.8.17.

Exercise 1.8.18. Let X = [],c4 Xa be a product of Hausdorff spaces
equipped with the product topology, and let (xz)yca and (x})xca
be distinct points in X; say x5 # xﬁ for some B € A. Then, since
Xp is Hausdorff, there exist disjoint open sets xg € V C Xg and
xl’S € V' C Xg. It follows that nﬁ_l( V) and ﬂﬁ_l(V’ ) are open sets in X

that separate (xy)4ca and (x})qea, and so X is Hausdorff as needed.

The above proof also shows that X equipped with the box topology
is Hausdorff, since the box topology is stronger than the product

topology.

Exercise 1.8.19. To verify the triangle inequality for d, it suffices to
verify that

dn(xn/yn) < dn(xnrzn) dn(znryn)
1+dn(xn/]/n) o 1+dn(xnzzn) 1+dn(zn/]/n)
for each n. This is clear if dy(xn,yn) > max{d,(xn,zn), dn(zn,yn)};
otherwise it follows from the fact that « — a/(1 + «) is increasing for
a > 0.
We must prove that a set U C X is open with respect to the metric

d if and only if U is open in the product topology. We prove the
reverse implication first. Suppose U C X is a basic open set in the
product topology, and let (x,),en € U. We must find € > 0 such that
(Yn)nen € U whenever

0 X /yl’l)
p , 9 n%
((xn)nen, ( ]/n neN) 7121 1+4d, (Xn/]/n)

Notice that this implies dy, (X, Y )/ (1 + dn(xn, yn)) < 2"€, or
2"e
1—2"¢
whenever € < 27", Since U is basic open, it is of the form U =

Y U;)N---N n;l(uik) for integers 1 < 7; < -+ < iy. Choosing

1 I

0 < € < 27 such that

2lie
By, | xi;), ——— | € Uj,
P\ 71 -2Ye !

for 1 <j <k, we obtain the claim.

< €.

dn (xn/ yn) <

Conversely, given (x,),eN € X and € > 0, it suffices to prove that
there exists a basic open neighborhood of x in the product topology
completely contained in the open ball B;((x,),en, €). Choose large
N so that 27N < €/2, and consider the basic open set

ﬂ 70, (By, (xn,€/2)).
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Then, for (y,)uen € B, we have d,,(x,,y») < €/2for1 <n < N, and
so (since « — a/ (1 + «) is increasing for a > 0)

dn(xnryn) €/2 < €
1+dn(Xn/]/n) 14+¢€/2 2

We thus compute

N 0 Xn, Yn
d((xn)neN, (Yn)nen) = (ElJF ZH) Htﬁgn(xf;n)

n=
N c )

<YYot ) 2
n=1 2 n=N+1
€ €

< 4=

- 2+2

26,

which gives the result.

Exercise 1.8.20. Let U be an open neighborhood of 7,(x). Then
7y 1(U) is an open neighborhood of x, and so x, € 7, !(U) for
sufficiently large n. Thus 71, (x,) € U for sufficiently large 1, and so
7T (xn) — 74 (x) as needed.

Conversely, by exercise 1.8.11(i) it suffices to prove that for any
subbasic neighborhood 7t 1(U,) of x, x, is eventually in 7y ' (Uy).
This is equivalent to 71,(x,) being eventually in U,, which follows
from the assumption that 71, (x,) — 7, (x) for all « € A. Therefore
Xy — X.

Exercise 1.8.21. (i) Let (X, d) be a metric space, and let x € X. Then
the collection of balls B(x,r) with rational radii » € Q forms a count-
able neighborhood base at x — indeed, every ball of real radius
centered at x contains such a ball of rational radius.

(i) Suppose X is second-countable, and let B be a countable base.
Let By be the subset of B consisting of sets that contain x. This set is
countable, and if x € U, then U is a union of elements of B3, with at
least one element B € By; it follows that x € B C U as needed.

(iii) Let {x1,x2,...} C X be a countable dense set. We claim that
the countable set {B(x;,q) : i > 1,4 € Q>%} is in fact a base for
X. It suffices to prove that, given an open ball B(x,r) with x € X
and r € R, there exists an open ball x € B(x;,q) C B(x,r). This
follows from choosing x; with d(x;,x) < r/2, and g € Q0 with
d(x;,x) <gq<r/2.

(iv) Let X be a second-countable space with countable base B =
{Bq,By,...}. Choosing a point x; from each B;, we obtain a set
{x1,x2,...} C X. We claim that this set is dense. Suppose otherwise.
Then there exist x € X and an open neighborhood U of x such that
UnN{xy,xy,...} = . But U is the union of base elements B;, and so
x; € B; C U for some i, a contradiction.

(v) This is false. Consider the constant net (X)ycw,, Where wy is
the first uncountable ordinal. Then any function ¢: N — w; is not
cofinal, since |J;_; ¢(n) + 1 is a strict upper bound.
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(vi) [Had to look up a hint for this...] Let X be compact and
first-countable, and let (x,),en be a sequence in X. Suppose for
contradiction that (x,),en has no convergent subsequence. Then
there are no cluster points® of (x,),en — if x is a cluster point of
(xn)neN, then, given a local base By = {B; D By D ...} at x, we
can choose a subsequence (xy,)ieN Of (Xn)nen satisfying x,, € Bj;
clearly this subsequence converges to x. Thus every point x € X
has a neighborhood U, that contains only finitely many points of the
sequence (x,)nen. Since (Uy)yex is an open cover, compactness gives
us a finite subcover X = Uy U---Uly. It follows that X intersects
finitely many points of (x,),en, which is absurd.

Exercise 1.8.22. As in exercise 1.6.15, the collection of sets of the form
al = {xp € X : B > a} satisfies the finite intersection property (FIP).
By compactness, we obtain an element x € (e al. Since (xg)qen is
universal, (f(xq))sea converges to some limit L € {0,1}. We claim
that L = f(x). There exists a’ € A such that f(xg) = L whenever

B > . Thus f(a'T) = {L}. Since x € Nyeaa® C &', we have
f(x) € f(«'T) = {L} as needed. .. [Don’t know how to continue.]

Exercise 1.8.23.
Exercise 1.8.24.
Exercise 1.8.25.

Exercise 1.8.26. First notice that d takes values in [0, +o0) because
we are considering bounded functions. It is easy to verify that d is a
metric. Suppose Y is a complete metric space, and consider a Cauchy
sequence f1, fa,... in BC(X — Y). Then

dy (fu(x"), fu(x')) < s:gdy(fm(x),fn(x)) = d(fm, fn)
X

whenever x’' € X, and so (fu(x'))en is a Cauchy sequence in Y for
each fixed x’ € X. This in uniform in x’ in the sense that, for every
€ > 0, there exists N € N such that dy (f,,(x'), fu(x')) < € whenever
m,n > N and x’ € X. By completeness, (f,(x')),en converges to
some limit f(x) € Y; in this way we define a function f: X — Y. We
claim that (i) f € BC(X — Y), and that (ii) (fs),eN converges to f in
BC(X — ).

(i) To prove f is bounded, it suffices to show that d(0, f) < co. Since
d(0, f) <d(0, fu) +d(fu, f) for all n, and since Cauchy sequences are
bounded, it suffices to find n € N such that

sup dy (fu(x), f(x)) < co.

xeX

We have dy (fn(x'), fa(x')) < € whenever n > N and x’ € X. Since
the metric dy: Y x Y — [0, +o0) is continuous, taking n — oo implies
that dy (fn(x'), f(x')) < e whenever x' € X. Therefore

sup dy (fn(x), f(x)) < e

xeX

®A point x € X is a cluster point of a
sequence (x,)ueN if every neighborhood
U of x contains infinitely many points
of (xn)nen. (Confusingly, there seems
to be a different meaning for the cluster
point of a set.)
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as needed.

To prove that f is continuous, it suffices to prove that for every
x € X and € > 0, there exists a neighborhood U of x such that
dy(f(x'), f(x)) <eforallx’ € U. Let x € X and € > 0. Then...

(ii) . ..[I did not finish this exercise unfortunately; the main ideas
can be found at https://math.stackexchange.com/a/76455/.]

Exercise 1.8.27.
Exercise 1.8.28.
Exercise 1.8.29.

Exercise 1.8.30.
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1.9. The strong and weak topologies

The strong do what they can
and the weak suffer what they must.

— THUCYDIDES, History of the Peloponnesian War 5.89 (c. 400B.C.)

Exercise 1.9.1. It suffices to prove sequential continuity, since the
norm induces a metric. If (v,,w,) — (v,w), then v, — v and
w, — w. Since ||vy, +wy — (v+w)|| < |lop — [ + ||wp, — w|, it
follows that v, + w, — v+ w. Similarly, if (c¢,,v,) — (c,v), then
¢y, — ¢ and v,; — v; since

lentn = col| < [lenvn = envl| +[lenv = col| = [enlllon = o[ 4 |en —cl |0,

we have ¢,v;, — cv. The same argument works with quasi-norms.

Exercise 1.9.2. The argument from exercise 1.9.1 works the same (all
we need is the triangle inequality and homogeneity) to prove that
semi-normed vector spaces are topological vector spaces. If v # 0
with ||v]] = 0, then any open ball B(0,¢) := {w € V : ||w| < €}
contains v, and similarly we have 0 € B(v, €); thus 0 and v cannot be
separated by disjoint open sets and so V is not Hausdorff. Conversely,
if the semi-norm is a norm, then given v # w in V, we may let
€ := |[v — w|| > 0; it follows that B(v,e/2) and B(w, e/2) are disjoint.
Thus V is Hausdorff.

Exercise 1.9.3. If U € Uyca Fa, then U € F, for some o € A, and
so +, 1 (V,Fy) x (V, Fy) = (V,Fy) is such that +,(U) is open;
it follows that +~1: (V,F) x (V,F) — (V,F) is such that +~1(U)
is open as well. If Uy, U, € F are such that +~!(U;) and +~1(U>)
are open, then + 1 (U; NUyp) = +~1(U;) N +~1(Uy) is open as well.
Similarly, if Uy, Uy, - - - € F are such that +-4(U,) is open for each
n, then +-1(U; Uy) = U, +1(Uy) is open as well. Therefore
the collection of open subsets of 7 whose preimage under + is open
contains |J,c 4 Uy and is itself a topology; thus it contains F as needed.
The argument for continuity of scalar multiplication is similar.

If x, — x in F, then x, — x in F, since F is stronger than F, (ie.,
F D Fa). Conversely, if x, — x in F, for all « € A, then we may
consider the collection of open neighborhoods of x that eventually
contain x, — this collection contains (J,c4 Uy by hypothesis. It
is closed under finite intersections — if Uy, ..., Uy contain x, past
ny,...ng, then Uy N - - - N Uy contains x,, past max{#ny, ..., ny}. Finally,
it is clearly closed under arbitrary unions — if x, is eventually in Ug
for B € B, then x;, is eventually in Ug C Ugep Up. Thus this collection
is a topology on V containing (J,c 4 Us, which means that it contains
F =V yea Fu by definition of F (recall that it is the weakest topology
that contains (J,c 4 Fa)-

Exercise 1.9.4. Write Fyy, for the topology generated by the seminorm
Il - ||w,5- It suffices to prove that T~1(U) C V is open with respect to
(Il - [lv, )Jaca whenever U € Ugep Fwy, since Upep Fw, is a subbase

It seems that people sometimes denote
seminorms by p and reserve || - || for
actual norms.
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for Fw by definition. Say U € Fy,. Then, given f € T-1(U), we
have B, (Tf,€) == {w € W: [|w — Tf|lw, < e} C U for some € > 0.
By hypothesis, there exists a finite set Ag C A and a constant Cg such
that ||Tg|\wﬂ < CpLaea, Igllv, forallg € V. Setting 6 := €/ (Cg|Ag|),
we have ||Tg\|wl3 < € whenever |[[g|ly, < ¢ for all x € Ag. We
see that (Nyca 5 By, (f,6) is a finite intersection of sets that are open
with respect to (|| - ||v, )aca, and is thus itself open with respect to
(Il [lv)aca; by previous arguments, we have T(Nsea, By, (f,d)) C
Bw,(Tf,e) C U. Therefore T is continuous.

Conversely, suppose T is continuous. Let f € B, and consider
T-1 (Bwﬁ (0,1)) C V. This set is open with respect to (|| - ||y, )aca, and
so there exists a finite set Ag C A such that

0€ () Bv,(faba) C T*l(BWﬁ(o,l)).
GCEA‘B

We may choose the f, to all be equal to 0, making the J, smaller if
needed. Let § := minye, - Given f € V with maxseq, Il fllv, <9,
we see that f € Nacag B, (0,0), so that |\Tf||wﬁ < 1. In general, since

f

| ey

)
< =<4
Hva,_2<

whenever &’ € Ag, we deduce from homogeneity that
1Ty < 3 max s, <3 % 151
Yo ™ Sacay = = IV
B

as needed.

Exercise 1.9.5.
[ Va ¥ Tl Vo —— T Va

J/ﬂ'/; X 7'[‘3 J/T[ﬁ
+

Vf;XV‘B—B>V/g

We only prove the continuity of addition in the product space. It
suffices to verify that the openness of preimages of subbasic open sets
of the form nﬁ_l(uﬁ) with Ug C Vg open. Since ((va)aca, (Vy)aca) €

+—1(n[;1(u,3)) if and only if (vﬁ,v%) € +[;1(uﬁ), we see that

+ (N (Up)) = (' > g ) (+5 1 (Up)).

Since Vg is a TVS, the map + is continuous. By definition of product
spaces, 7tg X 7g is continuous, with inverse given by ngl X ngl. Thus,
the preimage is open as needed.

Exercise 1.9.6. [W. Rudin, Functional Analysis, Theorem 1.10] We
first prove a lemma: given a neighborhood W of 0 € V, there exists a
neighborhood U of 0 such that U+ U C W. Indeed, since +,' (W) C
V x V is open, we have (0,0) € V; x V, C +,!(W) for some open
sets V1, V, C V. Letting U := V; N V,, we see that U is a neighborhood
of Osuch that U+ U C W.
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Suppose V is a Tj topological vector space,” so that singleton 7 Some authors, including Rudin but not

sets {x} are closed, and let x € V '\ {0}. We will find open sets Tao, take it as an axiom that topological
vector spaces are T.

separating 0 and x. Applying the lemma twice with W = V' \ {x},
we obtain a neighborhood U of 0 satisfying U+ U+ U + U C W, so
that x € U+ U + U. It follows that (U + U) N (x — U) = & are our
desired separating sets.

Exercise 1.9.7. We first verify that the sets B(f, €, ) form a base. Since
f € B(f,€,r), they cover L(X). Suppose ¢ € B(f,e,7) NB(f,e,r").
Then, we have

w{lf —gl =r}<e and u{[f' —gl>r"} <€

Choose €” > 0 such that
p{lf —gl >ry<e—€" and p{|f —g|l>r'}<e —€"
We claim there exists '/ > 0 such that
w{lf—gl>r—1"}t<e—€" and up{|f —gl>r—1"}<e—-¢€"

Indeed, it suffices to prove that F(r) := u{f > r} is left-continuous
in ¥ whenever f is a measurable function. Since F: R — R is a real
function, it suffices to verify sequential left-continuity. Let (r,),eN be
an increasing sequence of reals such that r, < r and r, — r. Then

Tim F(r,) = lim p{f > r,}

:P‘(ﬂ{fzrn})

neN
=u{f=zr}=F{)

by dominated convergence for sets, which holds since p(X) < co.
Now we may prove that B(g,€”,7") C B(f,e,r) N B(f',€,r'). Let
h € B(g,€”,7"). Then

p{lf =nl =7y <p{lf =gl >r—1"}y +u{lg—hl > 1"}
< (6—6")4—6"

=€

by the triangle inequality. Similarly, we have u{|f' —h| > '} < ¢,
and the result follows.

Now we prove that this base generates a topology for L(X) that
turns L(X) into a topological vector space. To prove that addition
+: L(X) x L(X) — L(X) is continuous, given g,h € L(X) such that
g+h € B(f,e,r), we must find €,7,€”,r" such that

B(g,€,7) + B(h,€",7") C B(f,e,r).
By hypothesis, we have
mlg+h—fl=r}<e
and we may choose 1, €’ > 0 as before, so that

w{lg+h—fl>r—r'}<e—¢€.
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Then, given

/

~

€
2/

<

¢eB(sS, L) and WeB(n

)

N

we compute
wlg' +H —flzr}

/ / rl ! rl
<ulg+h—flzr—ry+nu{lg —gl = 5+ u{lW —nl = 5}

/ /

PN
< (e e)+2+2
=€
as needed.

To prove continuity of scalar multiplication -: C x L(X) — L(X),
given z € C and g € L(X) such that zg € B(f,€,r), we must find
€', r',€" > 0 such that

B(z,€')-B(g,€",7") C B(f,€,1).

By hypothesis, we have u{|zg — f| > r} < e. We choose ¢/, M, > 0,

in that order, such that €/, 7' < 1, u{|g| > M} < €'/2,8 and 8Since j(X) < oo, we apply dominated
convergence for sets to the sequence
pllzg = fl = r—(lz| +1+€eM)r'} <e—€. 5 {lgl > M} S {lg] > M+1} > -
Given to obtain
Z' € B(z,€'r') and ¢’ € B(g,€'/2,7), Jim p{lg] = M} = }I(Mqlﬂg\ > M})
we compute =0. :

wllz's = fl =7} <ullzg — fl =7 — (|2l +1+M)r'}
+u{lZ'llg" =gl = (]z[ + 1)}
+ullz' —zllg] > €'Mr'}
<(e—¢€)
+uflg’ —gl > '}
+ pu{lg| = M}
<(e—€)+€/2+€/2

=€

as needed.

Finally, a sequence f,, € L(X) converges to a limit f in this topology
iff it converges in measure. Indeed, this equivalence is immediate
from the definitions: recall that f, is said to converge in measure to f if,
for every r > 0, we have lim,, e p{|fn — f| > 1} = 0.

Exercise 1.9.8. Consider the typewriter sequence l[n_zk Y where
2k 1ok

k >0 and 2F < n < 28+1. This sequence does not converge pointwise
a.e. to zero, since every x € [0,1] is contained in infinitely many
sets of the form [”;—kzk, ”*5#
observe that for each k, there can be anywhere from 0 to 2 terms

]. However, given a subsequence, we

of the form 1[”72;{ e Choose a subsequence (1, ),en of this
ok ok
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subsequence such that, for each k, there is at most one term of this
form. Then Y7 4 u(Ex) < Y02 zl—k = 2 < oo, and the Borel-Cantelli
lemma implies that almost every x € [0, 1] belongs to finitely many
E,. Thus, this subsubsequence converges pointwise a.e. to zero. If
pointwise a.e. convergence were topologizable, then the Urysohn
subsequence principle would imply that the typewriter sequence
converges pointwise a.e. to zero. Therefore pointwise a.e. convergence
is not topologizable, and we are done.

Exercise 1.9.9.

Exercise 1.9.10.
Exercise 1.9.11.
Exercise 1.9.12.

Exercise 1.9.13. The weak topology on V makes V a TVS. We first verify
that addition is continuous. If x +y = z and € > 0, then

Bx(x,€/2) + By(y,€/2) C By(z,€).

Indeed, given x/,y’ satisfying ||x' — x|, < e/2 and ||y’ —y|[) < €/2,
we have ||x' 4+ — (x +y)||» < € by the triangle inequality. Similarly,
if cx = y and € > 0, then, choosing 0 < €’ < € such that € < 2|x||,,

we have ) ,

B(CleeTHA) ~B)\(x,m) C By(y,€)

since

le'x" = ex|lx < [e" = clllxfla+ [e'llx" = x]In

[xlla+ (el +1)3

2[|x[| (e[ +1)

= €.

The weak topology is weaker than the strong topology on V. It suffices to
verify that every set of the form {v € V : ||v — x|} < €} is open with
respect to the norm || - ||y. Say |[v — x||, < €. We must find § > 0
such that ||v' — ||y < ¢ implies ||v’ — x||, < e. Since

10" = x5 < [[o" = vlla + lo = x]Ix

and
[0 = o]]y i= [A(V = 0)| < [Aloplle” —2llv,

choosing ¢ such that ||[v — x|, <€ — ||| op gives the claim.

The weak™ topology on V* makes V* a TVS. The proof is essentially
the same as (i).

The weak™ topology on V* is weaker than the weak topology on V*. Recall
that the weak topology on V* is generated by the seminorms ||A||, for
all 2 € (V*)*. We must prove that every weak* ball By (A, €) is open
with respect to the weak topology on V*; that is, given w € By (A, €),
we must find a € (V*)* and § > 0 such that w € B,(w,d) C By(A, ¢€).

The general recipe for checking that a
collection of seminorms (|| - [|a)aca gen-
erates a topology for a TVS V is as fol-
lows: since the balls B, (x,r) :={v e V:
lo—x||a < r} withr >0and x € V
form a subbase for this topology, it suf-
fices to prove that the preimages of such
sets under addition and scalar multipli-
cation are open. For addition, if we
have (y,z) € +71(B(x,7)), we must
find By (y,7") and B, (z,7") such that
By (y,7") + Byr(z,7") C Bu(x,7).
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Here we use the canonical embedding V — (V*)* sending v to the
evaluation map 9 defined by 9(w) := w(v). Then, we let a := £ and
we choose sufficiently small ¢ satisfying ||w — A|lx < € —J. Thus

lw" — w|l¢ < 6 implies that
lw" =AMy < [l = wllx + [lw — Allx
= |l —wlls + lw = Allx
<o+ (e—9)
=€
as needed.

When V is reflexive, the weak and weak* topologies on V* are equivalent.
By the previous part, it suffices to prove that any ball B, (A, €) in the
weak topology on V* is open with respect to the weak* topology on
V*. The proof is essentially the same, since now every a € (V*)*
is of the form a = %, so for w € B;(A,€) we have the basic open
neighborhood w € By(w,d) C Bz(A,€)as ||« |lx = || -

1

Exercise 1.9.14. We prove that the weak topology on a normed vector
space V is Hausdorff. It suffices to show that, given x € V' \ {0}, there
exist open sets separating 0 and x. By the Hahn-Banach theorem,
there exists A € V* such that Ax = 1. Then the balls B, (x,1/2) and
B,(0,1/2) are disjoint, since if [Ax — Av| < 1/2 and |Av| < 1/2, then
the triangle inequality yields |Ax| < 1, a contradiction.

We can similarly show that the weak* topology on V* is Hausdorff.
Given A € V*\ {0}, since A is non-zero, there exists x € V such that
Ax = 1. Then the balls B,(0,1/2) and By(A,1/2) are disjoint.

Exercise 1.9.15. (i) Recall that elements of V* = ¢!(N) are absolutely
summable sequences (a,),en of complex numbers, and they act on
elements (b,),en € V = co(N) by sending them to Y ; a,b,. In
this way, (4, ),en € V* sends e, € V to a,; by absolute summability
we see that a, — 0, and so ¢, — 0in V. As for strong convergence,
we see that ||e,; — en||g= = 1 whenever m # n, which implies that
(en)nen is not Cauchy and thus not strongly convergent in V. Perhaps it would be clearer to write (")

(ii) As before, e;; € V* acts on x := (a,),en € V by sending it to ay,, or ([n = m])uen instead of ey.
and so ey (x) = a,;, — 0as x € V = ¢p(N); that is, ¢, “% 0 as needed.
To prove that e, does not converge in the weak or strong senses in
V*, it suffices by exercise 1.9.13 to show that it does not converge
in the weak sense. If it did, then, there would exist some limit
(In)nen € ¢o(N) such that, given any a = (a,)yen € (V*)* = (®(N),
we have a, = a(e,) — a((lIn)neN) = Lpoq Anln. Plugging in a = ey,
we see that I, = 0 for each m, and so (I;),en must be the zero
sequence (0),eN. But this implies that a, — 0 for every bounded
sequence (a,)yeN, which is absurd.

(iii) To see that (Y;—, em)neN “ 0 in (*(N), we observe that
(an)nen € (1(N) implies that | Y50, ax| < Yo, |an| — 0as n — co.
This sequence however does not converge in the weak sense. Indeed,
suppose for contradiction that it did converge weakly to a limit
(In)nen € €°(N). By considering the maps &, € (/*°(N))* defined
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by sending (a,),en to a5, we see for fixed m that

[m>n] = ém(z ek) = u((In)nen) =l asn — oo,
k=n
which implies that (,),eN is the zero sequence (0),en. On the other
hand, if we consider a generalized limit functional A: /*(N) — C,
we have A (Y ;_, en) = 1 for all n, which implies that

n—o0 n—o0

0= lim Iy = A((In)pen) = lim /\( y em) =1,
m=n
a contradiction.

Exercise 1.9.16. Suppose E is strongly bounded, so that there exists C
such that ||x||y < C whenever x € E. Then, given A € V*, we have

A < [Mloplixllv < Cl[Allop

for all x € E, as needed.

Conversely, suppose E is weakly bounded. By the Hahn-Banach
theorem, the evaluation map ¢: V — V** is an isometry. The collection
(1(x))xeE is pointwise bounded, since {i(x)(A) : x € E} = A(E) is
bounded by hypothesis. Thus, the uniform boundedness principle
implies that {||«(x)|ly+ : x € E} is bounded. Since ! is an isometry,
we conclude that {||x||y : x € E} is bounded, which gives the claim.

Similarly, if V is a Banach space, we may show that a subset
F C V* is strongly bounded iff it is weak* bounded, in the sense that
{A(x) : A € F} is bounded for each x € V. The proof is essentially
the same, except we now apply the uniform boundedness principle
to the collection (A),cF.

From this discussion, we see that weak and weak* convergence
implies boundedness.

Exercise 1.9.17. By exercise 1.5.14, there exists A € V* such that
IAlly« =1 and Ax = ||x||y. It follows that Ax, — ||x||y and |Ax,| <
IAllv+]l%n|lv = ||xn||v; taking the limit inferior on both sides of the
inequality gives the claim.

[To do: show the result for A, € V* and construct an example of
strict inequality.]

Exercise 1.9.18. If x, — x in a Hilbert space H, then ||x,| — ||x|| by
the triangle inequality: |||x, || — ||x||| < ||x» — x||. Conversely, suppose
|2z || = [|x|| and x, — x; we prove that x, — x. It suffices to show
that (x, — x,x, — x) — 0. By weak convergence, we compute

(n =200 =) = o2+ [[l|? = (Cx, 20) + (2, )

= 2||x||? - 2[|x|* =0,
which gives the claim.

Exercise 1.9.19. (i)

(if)

71
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(iv)

Exercise 1.9.20. We prove that the closed unit ball® B(0,1) := {x € V :
|x|ly <1} is closed in the weak topology. Let x € V be an adherent
point of B(0,1) in the weak topology, and suppose for contradiction
that ||x||y > 1. Choose € > 0 such that ||x||y > 1+ €. By exercise
1.5.14, there exists A € V* such that ||A|op = 1 and Ax = ||x||y. Since

x is an adherent point of B(0, 1), there exists x’ € B, (x,€) N B(0,1).

We may then compute

[x]lv = |Ax]
< AX |+ A (x =)
< [[Mlopll*'[lv +e
<1l+eg,

which contradicts our choice of €.

We may prove that the closed unit ball in V* is closed in the weak*
topology in a very similar fashion — the main fact we use is that
if [[A[y+ > 1+ €, then there exists x € V such that ||x||y = 1 and
Ax| >1+e.

Exercise 1.9.21. [Sketch] Suppose V is a Banach space, and let (A,)
be a Cauchy sequence in the weak* topology on V*. Then (A,x) is
Cauchy forall x € V (since |Amx — Ayx| = ||Am — Anl|x), which defines
amap A: V — C by completeness of C. The uniform boundedness
principle then implies that A € V*, and so A, — A as needed.

Exercise 1.9.22. (i) Let x € V \ W, and define A: W @ span{x} — C
by sending W to 0 and x to 1. By the Hahn-Banach theorem, we may
extend A to A € V*. Then, Bjs(x,1/2) C V \ W, since if [Ax' — Ax| <
1/2, then |Ax'| > 1/2, which implies that x’ ¢ W. Thus V \ W is open
in the weak topology of V, and so W is closed in the weak topology
of V, as needed.

(ii) Suppose w;, — w in W. Since any A € V* can be restricted to
Alw € W*, with By, (x,€) C By(x,€), we see that wy is eventually
in B, (x,€), as needed. Conversely, suppose w, — w in V. Since any
A € W* can be extended to some A € V* using the Hahn-Banach
theorem, with By (x,€) C Bj(x,€), we see that w), is eventually in
Bj;(x,€). Since w, € W, and since W N By (x,€) = B)(x,€), the result
follows. Note that we did not need the hypothesis that W is closed.

Exercise 1.9.23. (i) Suppose x, — x in ¢p(N). Then the x, are
bounded by the uniform boundedness principle (see exercise 1.9.16),
and the basis vectors ¢, € ¢}(N) imply that x,; — x; for all k.
Conversely, suppose ||x,|[ < M and x, x — xi for all k. Suppose
Yo |an| < 0o; we must prove that Y 22 ; agx, r — Y g arxx. Choose
large N such that Y~y |ax| < €/4M, and choose large N’ such that
Xk — Xk| < €/(2 k<n |ak|) whenever n > N" and k < N (the case

9In normed vector spaces, the closure
of the open unit ball is the closed unit
ball (thankfully). Also, just a warning:
it is possible for a point x to have all
subbasic open neighborhoods intersect
a set S, while not be an adherent point
of S; see exercise 1.8.11(ii).
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where the denominator is zero is trivial). Then, we have

[ee] (e}
PIENEERIES DA AT
k=1 k=1
= Y lagllxne — x| + Y lagl|xnr — x|
k<N k>N
€
< ——— lag| +2M lak]
2 ke lax] k;\] kg\l
€ €
<Siom- S
Yy
=€

whenever n > N’, which completes the proof.

(ii) The idea is the same, just that we now we estimate the sum
Yk | Ak — Akl xk|, estimating Y, by using the convergence A,y —
Ak for k < N and Y~y by choosing large N with Y~y [Ax| small
using the boundedness of xy.

(iii) Consider the sequence x, = ([k < n])xen in co(N):

0
1
1
1

_ = O O
= O O O

1
1
1
1

The sequence x, has no weak limit in ¢y(N), since (1),en & co(N).

We prove that x, is Cauchy. It suffices to show that, for any € > 0
and Y, |a;| < oo, there exists N such that Y |ay||x,x — x| < €
whenever m,n > N. Since

Y olaellxmp — xnpel = Y el <) [l

k n<k<m k>n

for m > n, we see that choosing large N for which Y -y || < €
gives the claim.

Remark (Details in the proof of the Banach—Alaoglu theorem). One
easily verifies that the weak* topology on B* is nothing more than the
product topology of D restricted to B*. The idea here is we have the
map i: B* — DP defined by i(¢) := ¢|p, and we want to prove that
this map is a homeomorphism onto its image. We first prove that
i is injective. This follows from the fact that ¢ € V* is completely
determined by ¢|p.

Now we must prove that i is a homeomorphism onto its image. The
product space D? has the standard product subbase, which consists
of sets of the form {¢ € D® : ¢x € U}, with x € Band U C D

open. Thus i(B*) C D® has a subbase with sets {¢ € i(B*) : ¢x € U}.

On the other hand, B* is a (topological) subspace of V* with the
weak* topology generated by the seminorms || - || for x € V, and so
subbasic open sets are of the form

By(¢p,e)NB* ={ip € B* : |px —px| < e} = {¢ € B* : px € B(¢px,€)}.

73
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Suppose that ¢ € B* is such that ¢ € i~'{¢ € i(B*) : ¢px € U};
thus, px = ¢|px € U. Since U C D is open™®, there exists € > 0 such
that

px € B(ypx,e)ND C U.

Thus,
¥ € Be(g,e)NB* Ci {¢p €i(B*):px c U}

(check this!), which proves the continuity of i.

Now suppose ¢ € i(Bx(¢,€) N B*); that is, i is the restriction to
B of a map ¢ € B* satisfying px = ¢x € B(¢x, €); thus, there exists
€’ > 0 such that B(yx,€’) C B(¢x,€). It follows that (check this!)

p e {y €i(B*): ¢'x € B(yx,e')} Ci(Bx(,€) NB*),

which implies that i ~! is continuous. Therefore i is a homeomorphism
and we are done.

Also, one easily shows that B* is closed in DE. [See Brezis, Theorem
3.16.] The idea is to write B* as a big intersection of compact and/or
closed subsets of D? that encode the conditions under which an arbi-
trary map ¢ € D® happens to be an element of B*. This intersection
consists of three types of sets.

(1) Sets that encode the boundedness of operator norm. Here we
have {¢ € DB : |¢(x)| < ||x||v for all x € B}, which guarantees that
llpllv- < 1. This set can be written as a product [T, B(0, ||x||) of
compact balls, which is itself compact by Tychonoff’s theorem.

(2) Sets that encode additivity. We have sets of the form {¢ €
DB :¢(x+y) — ¢(x) — ¢(y) = 0} for all x,y € B. To show that sets
are closed, we show that ¢ — ¢(x +y) — ¢(x) — ¢(y) is continuous.
We know that ¢(x + y) is the projection 74y (¢): DP — D, which is
continuous by definition of the product topology, and similarly for
¢(x) and ¢(y). Since sums of continuous functions are continuous,
this gives the claim. Let me elaborate somewhat. We can think of the
mapping ¢ — f(¢) + g(¢) as the composition

DB A, pByps I ,cvc———* ¢

¢ ——— (@.9) —— (f(9),8(¢)) — f(¢) +8(9).

The diagonal map A is continuous for arbitrary topological spaces.
The product map f x g of continuous maps is always continuous.
Thus, given continuous functions f,g: X — C out of an arbitrary
topological space X, we see that f + g is continuous.

(3) Sets that encode the scalar multiplication property. We have
sets of the form {¢ € DB : ¢p(Ax) — A¢(x) = 0} for all A € C and
x € B.

Exercise 1.9.24.
Exercise 1.9.25.

Exercise 1.9.26. It suffices to prove that the weak operator topology
is Hausdorff. Recall that the weak operator topology has a subbase

© This means that it is the intersection
of an open subset of C with D.
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generated by balls of the form
ByA(T,e) :={T' € B(X = Y) : [MT'x — Tx)| < €}.

Let T € B(X — Y) be non-zero; we will find balls that separate 0
and T. Choose x € X such that Tx = 1, and choose A € Y* such that
ATx = 1 (using the Hahn-Banach theorem). Then B, ,(0,1/2) and
By A(T,1/2) are disjoint, since we would have [ATx| < 1 otherwise
by the triangle inequality.

Exercise 1.9.27. (i) Suppose that || T;;[op — 0. By the Cauchy-Schwarz
inequality, we have

(T, yu) | < N Tuxullmllynlle < N Tallopll2n [ 1y |7,

which goes to zero as x,; and vy, are bounded sequences.

Conversely, suppose || Ty, |lop 7> 0. Then, there exists € > 0 such that
I Ty, lop > € along some subsequence; thus there exists a sequence x;
with [|x;||g = 1 and || Ty, xj[|[ > €. It follows that

Ty x;
Toxi — 9T N T s
(Tt g, ) = 1Tl 70
as needed.
(i)
(iii)
(iv)

Exercise 1.9.28.
Exercise 1.9.29.

Exercise 1.9.30.

75
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1.10. Continuous functions on locally compact Hausdorff spaces

Lovers and madmen have such seething brains,
Such shaping fantasies, that apprehend

More than cool reason ever comprehends.

The lunatic, the lover, and the poet

Are of imagination all compact.

— THESEUS, in A Midsummer Night’s Dream Act 5 Scene 1 (c. 1600)

Exercise 1.10.1. It suffices to verify that the map

d(x,K)

e d(x,K)+d(x,L)

is continuous; in turn, it suffices to show that x — d(x, K) is Lipschitz
continuous. If d(x,K) > d(x,y) +d(y, K) for some x,y, then d(x, k) >
d(x,K) > d(x,y) +d(y, k) for some k € K, violating the triangle
inequality. Thus d(x, K) — d(y, K) < d(x,y) for all x,y as needed.

Exercise 1.10.2. (i) Suppose K C X is compact and x ¢ K. Then,
for each y € K, there exist disjoint open sets y € U, and x € V.
By compactness, we obtain a finite subcover K C Uy, U--- U Uy,.
It follows that x € V,; N---NV,,, and thus we obtain open sets
separating K and x as needed.

(ii) Suppose K, L C X are compact. Using (i), for each x € L we
obtain disjoint open sets K C Uy and x C V. By compactness of L we
obtain a finite subcover L C Vy U---UV,, ;since K C Uy, N---NUy,
the result follows.

(iii) This follows from the fact that closed subsets of compact spaces
are compact.

Exercise 1.10.3. The space (R, F’) is Hausdorff since it is stronger
than the usual Hausdorff topology on R. Similarly every point is
closed. This space is not normal however — notice that every open
set is of the form W, WU Q, or WN Q for W € F, and consider the
disjoint closed sets R\ Q and {0}. Suppose R\ Q C U and 0 € V are
open sets in F’; let us consider cases on the form of V. If V € F, then
0 € (—€,€) C V for some € > 0; thus VN (R\ Q) is non-empty. If
V = V'UQ for some V' € F, then this can be reduced to the first case.
Finally, if V. = V' N Q for some V' € F, then0 € (—¢,e)NQ C V
for some € > 0. Choose x € (—¢,¢) \ Q C R\ Q; we must have
x € U C U for some U € F'. We see that case 1 and 2 require U’
to contain some elements of (—¢,€) N Q, and case 3 is not possible.
Thus we see that in all cases, R \ Q and {0} cannot be separated by
open sets in F'.

Exercise 1.10.4. (i) The set N is discrete and thus Hausdorff. The
product of Hausdorff spaces is Hausdorff (exercise 1.8.18); thus NR
is Hausdorff. Since {(11x)xer} = Nyer 7Ty L ({11 }), we see that points
are closed (so NR is Ty).

(ii) Given (ny)rer € NR, it is not possible for all but countably
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many of its components to be equal to 1 and all but countably many
of its components to be equal to 2 at the same time, since R is
uncountable. Thus Kj and K; are disjoint. Now suppose (#x)xer is

R —

adherent to Kj. It suffices to prove that we cannot have n, = n,
k > 2 for y # y'. Indeed, if this were the case, then there would
exist a point of K; belonging to 7, k)N n;l({k}), contradicting
injectivity for Kj.

(iii)

(iv)

v)

Exercise 1.10.5.

Exercise 1.10.6. Since X is locally compact, each point x € K admits
an open neighborhood V; with compact closure Vy; by compactness
of K, there exists a finite subcover V := V, U---UVy, of K. Notice
that V is then a compact neighborhood of K. Let U’ := UNV D K;
then U’ is compact, since it is a closed subset of the intersection of a
closed and compact set. It follows that U’ is a compact Hausdorff
neighborhood of K, and is thus normal. We conclude that there exists
a continuous compactly supported function f: U’ — R such that
1x < f < 1yr; we may extend f to X by defining it to be 0 outside U’.

Exercise 1.10.7. For now, let us assume that every non-empty open
set has positive measure. We first prove that

Ce(X — R) C Cop(X — R).

Suppose f € L®(X, 1) \ Co(X — R). Then there exists € > 0 such that,
for every compact K C X, we have |f(x)| > € for some x € X\ K.
Given ¢ € C.(X — R) supported on some compact K, we have
I|f —gllLe > €, since {y € X\ K: |f(y)| > €} is a non-empty open
set and thus has positive measure by hypothesis.

Now let f € Co(X — R).

For the general case, we will work on the support of u, which is
defined by

supp(p) = {x € X : every neighborhood U of x satisfies u(U) > 0}.

Notice that supp(p) is closed, since its complement is the union of
open sets (of measure zero). Also notice that every non-empty open
subset of supp(y) is of positive measure. ...

Exercise 1.10.8.
Exercise 1.10.9.

Exercise 1.10.10. [Relied on https://math.stackexchange.com/a/
1188995/ for some details I missed.] Notice that f is bounded, and K
is closed. As in exercise 1.10.6, there exists an open neighborhood U
of K with compact closure; use the Tietze extension theorem to extend
f to U. If U is clopen in X, then 1y f works. Otherwise we apply

This is somewhat tangential, but here’s
a cool argument using nets proving that
the intersection of a closed set L and a
compact set K is itself compact.

We show that every net in L N K has
a convergent subnet. Let (xq).ca be
a net in LN K. Then, by compactness
of K, there exists a convergent subnet
(xp(p))pep converging to a limit x € K.
Therefore, x is an adherent point of L,
and so x € KN L as needed.


https://math.stackexchange.com/a/1188995/
https://math.stackexchange.com/a/1188995/
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Urysohn’s lemma to obtain g: U — [0,1] satisfying 1x < ¢ < 1y;
then ¢f 17 works.

Exercise 1.10.11. If 1 is lower semicontinuous, then the set E =
F~1((1/2,+c0)) is open. Conversely, f~!((a, +0)) equal to either
d, E, or X, depending on a. The result for upper semicontinuity is
proven analogously.

Suppose X is normal Hausdorff and f is upper semicontinuous.
Then ...
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